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ANALYSIS OF A LIMITING-AMPLITUDE PROBLEM
IN ACOUSTO-ELASTIC INTERACTIONS, I

1. INTRODUCTION

We are concerned here with the correct formulation and the solution of a boundary and interface
problem in elliptic partial differential equations that models the physical setting of certain steady-state,
or time-harmonic, fluid-elastic interactions. Specifically, we consider an elastic shell-like body immersed
in a homogeneous, inviscid fluid of unbounded extent in all directions. The entire continuum is assumed
to be driven by the action of certain known, externally applied sources of energy generating an acoustic
disturbance propagating in the fluid and forces applied to the surface(s) and the bulk of the elastic body.
These sources sustaining the motion are supposed to begin at some instant and thereafter approach harmonic
time-dependence, with a common angular frequency, and we assume that the induced fields of response in
the fluid and elastic media exhibit the same qualitative sort of temporal behavior as the process evolves. We
set the problem of determining the time-harmonic parts of these resultant fields, paying particular attention
to the solution for the field in the fluid and its far-field pattern. To this end, we must first ensure that
we formulate a mathematical model problem having as its unique solution precisely the desired limiting-
amplitude fields and then show how to set up a convergent scheme for their numerical approximation.

Thus, we are examining a simplified version of the problem that must be addressed whenever one wishes
to predict the sound field that is both radiated and scattered by, say, a vibrating metal structure submerged
in an ocean in which there is also propagating an acoustic wave originating from other sources. That is,
the setting described is essentially a first approximation to that prevailing in a broad range of technical
questions of fundamental significance to the Navy, including direct problems of design and inverse problems
of detection. It is evident that a thorough investigation of the solution of the simplified problem posed will
be invaluable as a guide in attacking the study of more realistic models incorporating the effects of spatially
varying fluid properties and the presence of air-fluid and earth-fluid interfaces.

While the developments of the subsequent sections are conducted in a systematic manner, to avoid ob-
scuring the basic issues in this introductory section on motivation and orientation we shall be intentionally
rather cavalier vis-d-vis matters of precision and complete specification of hypotheses. Consider a homoge-
neous and isotropic elastic medium, with Lamé parameters A > 0 and g > 0 and density p,, occupying the
closure ©Q, of a bounded and (for simplicity) connected open set Q, in R3. The restrictions specified for
the Lamé parameters are equivalent to the reasonable requirements that Young’s modulus be positive and
Poisson’s ratio be nonnegative and less than one half. We suppose for now that the boundary I', := 99, of
Q, is “smooth,” and denote by n, the normal field of unit magnitude on T', that is “directed into the exterior
of Q,.” The complement R3\ Q,, which need not be connected, is decomposed into its open connected com-
ponents and written as Qy U_, with Q4 representing the single unbounded component and 2_ denoting
the union of the (finite number of) bounded components. In case _ is the empty set, or, as we prefer to
say here (for a reason that will soon be apparent), “absent,” one should make the obvious adjustments in
the reasoning. We write I'_ := §Q_ and 'y := 9Q4, so that ', =T'_ UT4, and indicate by n_ and ng the
restrictions of n, to I'_ and I';, respectively. A homogeneous fluid is supposed to fill 2 ; while this fluid
is modeled as inviscid, it is assumed that it may possess some mechanism for internal damping, so that the

Manuscript approved August 17, 1988.



ALLAN G. DALLAS

propagation of small disturbances in the fluid is governed by the “damped” wave equation. The density of
the quiescent fluid is designated by gy, its characteristic phase speed of small disturbances by c.., and the
damping constant by v;, with vy > 0. Actually, we shall carry along the hypothesis that v, can take on
certain complex values by supposing that

7+ € {2z € C |either z=0o0r Rez > 0},

although an appropriate physical interpretation is not clear when Im+; # 0. The set §_, accounting for
any “cavities” within the elastic medium, is taken as evacuated (i.e., containing no material); if some other
continuum were postulated to lie in Q_, there would be introduced certain additional complexities that we
wish to avoid in the present exposition.

Prior to some time tg, say, o = 0, we suppose that the system rests in a state of equilibrium in which
the pressure in the fluid has the constant value po throughout 24 and no body-force field is applied to any
portion of either medium. Then, reckoned relative to the in vacuo position of the elastic body, the static,
or quiescent, elastic displacement field Ug : Q, — R3 satisfies

A’)“,”Uo =0, in ,, (1.1)

f [UO] = —pony, on I‘+, (12)
and

T™-[Uq] = 0, on I'_ (1.3)

(conditions serving to characterize U only to within an added rigid-displacement field). Here, the operator
AY , is given by
A3 , = —pcurlcurl + (A 4 2p)grad div;

in terms of the Cartesian components (U;) of a vector-valued field U, the Cartesian components of A} ;U
then appear as

(A%, U); = pAU; + (A + 1)Uk x5

with A := divgrad denoting the Laplacian (acting on scalar fields) and a comma signifying partial differ-
entiation with respect to the Cartesian codrdinates indicated by the following subscripts. Here and in the
sequel, the conventions of the index notation are in force, with the range of all free and summed indices to
be understood as {1,2,3}. By introducing the (Cartesian components of the) strain tensor corresponding to
a field U in Q, according to

gjx[U] = %(Uj i + Ukyj) (1.4)

and, in turn, the (Cartesian components of the) stress tensor generated by U as
O'jk[U] = Aeg [U](Sjk + 2/16jk[U], (1.5)

6;1 being the Kronecker symbol, the traction field T"° [U] induced by U on I', is defined as having the
Cartesian components given by
(T [U]); := ox[Ul|r,nok, (1.6)

(no1, N2, N,3) denoting Cartesian components of n,, when the traces ;x[U]|r, exist in an appropriate sense.
Recall that T™°[U] represents physically the tractions exerted on the elastic material in {2, by agents lying
outside that set. In (1.2) and (1.3) we have indicated by T™+[Uq] and T™-[Uj] the restrictions of T™[Ug]

to T'y. and to I'_, respectively.
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Subsequent to the time £, = 0, we assume that various externally impressed disturbing agents begin
smoothly to act on, and in a neighborhood of, the elastic body, viz., tractions applied to both the vacuum-
elastic boundary I'_ and the fluid-elastic interface I';, a body-force field within €,, and an “incident field”
propagating in the fluid contained in ;. Henceforth, we shall consider all scalar fields as C-valued (C
denoting the complex numbers), all vector fields as C3-valued; the corresponding fields of physical significance
are then to be obtained by taking the real parts (when 7, is real). Points of R* we write in the form (x, z4),
with x = (21,22,23) € R3 and 24 € R; the operators curl, grad, and div, when applied to appropriate
fields defined on a cylinder such as 2, x R in R?, shall be interpreted as acting in the “spatial variables”
only. Thus, we are given vector-valued fields T, : T, x R — C% and F, : Q, x R — C3, smooth in their
fourth arguments, and satisfying To(-,¢) = 0 on I', and F,(-,t) = 0 in Q, for ¢ < 0. Consistently, as we
have done for n, and T™[Uy], when f, is some (scalar- or vector-valued) field on I',, we shall denote by
f- and fy its restrictions to I'_ and I, respectively, i.e., fi := f,|T'x, the notation g|F being reserved
throughout to indicate the restriction of the function g to the subset F of its domain. Thus, we write, e.g.,
T_(-,t) := To(-, )|~ and Ty(-,t) := To(-,t)|T4. To describe the fluid incident field, we suppose that
there is specified an open subset * of R? containing the elastic body along with its cavities, i.e., containing
Q_UQ,, and a smooth scalar field ® : Q* x R — C, the velocity potential of a disturbance that would
propagate in Q* if no elastic medium were present and the fluid were to fill all of ‘. Then ®* is to satisfy
®‘(-,t) = 0 in Q* whenever ¢t < 0 and

1 .
~A + :cf?i ut 5P =0, in Q' x R. .7
+ ¢k

We are implying here that any “sources” sustaining the disturbance represented by ®* are situated outside
Q* (and so, in particular, outside the elastic medium). In terms of this velocity potential, the incident
particle-velocity field V* and the incident acoustic, or excess, pressure field P¢ are defined in * x R by

V= ———Lgrad ®* (1.8)
o+

(again, with the gradient operator acting in the spatial variables alone}, and
Pt = @4, + 9.9 (1.9)

we shall use the corresponding rules of calculation when defining the velocity and pressure fields induced in
the fluid by any other velocity potential, as well.

In the full space-time formulation, for the determination of the resultant motion of the entire continuum
in response to these specified disturbances, we would then wish to find a vector (elastic-displacement) field
U:Q, x R — C? and a scalar (fluid-velocity-potential) field @ : 2, x R — C satisfying, in an appropriate
sense, the hyperbolic partial differential equations

A2+ e, 4 18,,=0, inQ xR, (1.10)
% cl
and
—A’;),‘U—# 20U,4s = Fy, inQ, xR, (1.11)
the initial conditions
&(,1)=0 in Q4
for t < 0, (1.12)
u(,t)=0 in ,

3



ALLAN G. DALLAS
the interface conditions

q’)n+ + Q+U’4|F+ Dy = _q)ﬁn.*.:
onTy xR, (1.13)
TR+ [U] + ((I”4|1"+ + 7+(I>|F+)n+ = T+ - ((I)L:4|l"+ + 7+(I)"|p+)n+,

and the boundary condition
T*-[U]=T_-, onl_xR. (1.14)

Here, (-)|r, denotes a trace, and (*),n, denotes a normal derivative on I'y. (taken with respect to the spatial
variables at a fixed time), while a - b := agby for elements a = (ay, az,as) and b = (b1, ba, b3) of C3. The
equalities in (1.10) through (1.14) result upon first setting down the conditions to be fulfilled by the state of
the medium when the elastic-displacement field is calculated relative to the in vacuo position of the elastic
body and then employing (1.1) through (1.3) to remove the appearance of the state of prestress induced
by the constant pressure py. Thus, U represents the perturbation-displacement field of the elastic medium,
taken relative to its quiescent position of equilibrium at times preceding ¢p, the displacements relative to
its in vacuo position being given by U + Uy, with Ug as described above. The velocity potential ® has no
intrinsic physical interpretation when ®* is nonzero. Rather, it is the sum & + & in (Q4 N Q') x R that
describes the disturbance propagating in the fluid (the state of the fluid being obtained by superposition of
this perturbation onto the quiescent state with constant pressure pg); when there are neither tractions T,
impressed upon T, nor a body force F, acting in Q,, it is customary to refer to ® as the velocity potential
of the “scattered field” corresponding to the incident-field velocity potential ®*. The fulfilment of the first
of conditions (1.13) ensures the continuity of the normal component of the continuum velocity on I'y (which
is the most that can be demanded, in view of the inviscid nature of the fluid), while the satisfaction of the
second condition in (1.13) provides for the continuity of the continuum tractions on T'y. Of course, with
a x b denoting the vector product of a and b in C3, from (1.13) we have

n+xT“+[U]:n+xT+, cn P+XR,

so that the tangential component of T™+[U] on I';. vanishes if T4 is a normal field on I'y; this result is also
due to the inviscidity of the fluid.

Now, to pose the problem of present interest, let us consider the special circumstance in which the
impressed traction and body-force fields asymptotically approach harmonic time-dependence, of angular
frequency w > 0, on the respective spatial parts of their domains of definition as £ — oo, while the fluid-
incident-field velocity potential displays such behavior in a neighborhood of Q_ UQ,. In such a case, we can

write
To(-,t) = TT(-, 1) + to(-)e ™" onT, forteR, (1.15)
Fo(-,t) = F7(-, ) + £,(-)e ™ in Q, fort € R, (1.16)
and
() =87 () + ¢ (Je”™  inQ forteR, (1.17)

wherein Q_UQ, C Q* C Q*, and the functions T7(-,t), F7(-,t), and ®7(-,t), along with sufficiently many of
their derivatives, vanish on their respective domains in the limit as t — oo, while t,, f,, and ¢* are certain

known (spatially dependent) complex amplitudes. Again, we write T3 (-, t) := T7(-,t)|T+ and ty := t,|Tx.

4
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Then, from (1.7), under appropriate conditions of transience of this sort for &7 and of smoothness for ¢*,
the latter function must satisfy

ALP"-F(w(w—*;Z’H-))(pL =0 in Qz’
%
Qr

Ap' + k2" =0  in Y, (1.18)

[w w1
"C+ = K+(w; C+,7+) = —(——c-‘z_,.il:)‘. (119) .

Here and throughout, (-)1/ 2= \/(_)_ denotes the principal branch of the square-root function: when z is real
and nonnegative, z1/2 is the nonnegative square root of z, and then, in general, z1/2 := |z|}/? exp(i arg 2/2),
with arg z € (—, 7] indicating the principal argument of z € C. Thus, ky(w;cy,0) = w/ey. If Reyy > 0,
then the principal argument of w(w + iy4)/c% lies in (0, 7), since

in which

w(w +i74) = wlw — Imy4 ) + iwRe 74,
and so its principal square root x4 (w;cy,v+) has positive real and imaginary parts. Explicitly, setting

Re .
Ry = Ry, 74) 1= ¢ T+ if (w—Im7y) # 0,

w—Imyy)

we find that

) 1 wlw —Imyy) 211/211/2 iRy
weicr,ys) = o\l = U L+ BRIV 5+ ey

if (w~Imyy) >0, (1.20),

1 fw(myy —w -R .
ﬁ+(ww+’7+):c—+_\’ ( 2+ ){{1+[1+R;+]1/2}1/2+2{1+{1+Ri]1/2}1/2}

if (w—Imvy) <0, (1.20)2

and

(1447 jwRevt
Cy 2

K (wseq,14) = if (w—Imys)=0.  (1.20)s

In view of (1.8) and (1.9}, V* and P* then have in ¢ x R the same form of a time-transient superimposed
upon a time-harmonic contribution, the complex amplitude of the latter deriving from ¢*: for every ¢, in QO
we have
I 1 LT 1 ¢ —fwt
V(. t) = ——grad ®*7(-,t) — —grad ¢(-)e
o+ 2+
and

Pot) = D5 (4 1) + 74 BT () + (15 — iwd “{)e

5
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Pursuant to these hypotheses, and supposing that there exists a corresponding unique pair (U, ®) satisfying
(1.10) through (1.14), we further make the fundamental assumption that the latter functions have the forms

UGt =U"(t)+u()e ™ inQ,forteR (1.21)
and

O(-, 1) = ®7(-, 1) + p(-)e ! in Q4 fort € R, (1.22)

wherein U” and @7 are “sufficiently weak transients,” i.e., vanish, along with certain of their derivatives,
in a sufficiently strong sense as t — oo. In this setting, our objective is the determination of the assumed-
to-exist “complex limiting amplitudes” u in €, and ¢ in Q4 ; in particular, we wish first to formulate a
boundary and interface problem for elliptic partial differential equations in Q, U Q4 that completely and
directly characterizes the latter spatially dependent fields, to determine when this problem is well-posed in a
reasonable sense, and subsequently to show how one can construct sequences of approximations converging
in a useful manner to the solution (when the problem is well-posed). As a preview, we note at this point
that the desire to account for the effect of driving fields such as T, and F, introduces into the correct
formulation of the problem governing the steady-state behavior peculiar features that are not of concern
when it is supposed that only a fluid-incident-field velocity potential ®* is present to sustain the motion.
For example, one would hope that the data of the correct steady-state problem comprise merely the limiting
amplitudes t,, f,, and ¢*, along with the angular frequency w, the underlying geometry, and the material
(constitutive) parameters, i.e., that the limiting amplitudes u and ¢ can be characterized without knowledge
of the transients T7, F7, and ®‘” acting during the evolution from the quiescent state. Perhaps surprisingly,
this is evidently not the case; in general, one must know T7 and F7, although ‘7 is not required. We shall
return to this matter shortly.

It is necessary to proceed through the examination of the original space-time formulation to identify
the correct time-independent problem to be studied for the determination of the limiting amplitudes of the
response, essentially because there is a possible loss of the unique-solution property in a too-naive passage
from the evolution problem to the time-harmonic setting. One must retain the unique-solution property in
such a way as to force the solution of the steady-state problem to provide precisely the limiting amplitudes
sought; when this is done, we naturally refer to the resultant formulation as a limiting-amplitude problem.
But this difficulty is not of an unfamiliar sort. Indeed, the situation is analogous to that obtaining in the
simpler case of acoustic radiation or scattering in the exterior of, say, a rigid body, wherein the Sommerfeld
radiation condition (cf. (1.34), infra) is the appropriate requirement to be imposed for the purpose of picking
out, from among all solutions of the Helmholtz equation in € that possess the required Neumann (normal-
derivative) data on I'y, precisely that function that represents the amplitude of the time-harmonic motion
asymptotically approached from the quiescent state. Thus, the Sommerfeld condition can be referred to as the
“(exterior) limiting-amplitude condition” for that case. One should consult in this regard the fundamental
work of Wilcox [1] for the developments pertinent to that more familiar setting. The present problem is
more complex, requiring an “interior limiting-amplitude condition,” as well as an exterior one. Indeed, by
merely setting down the necessary conditions on u and ¢ that evidently result from (1.10), (1.11), (1.13),
and (1.14) in consequence of the (sufficiently regular) assumed forms, one arrives at the following collection
of requirements (cf., also, Theorem 5.1 and the remarks following the proof of Theorem 5.2, infra):

Ap+rLp=0, in Q4, (1.23)
A ju+ oow?u = —f,, in ,, (1.24)

Sain.‘. - i9+wu|1“+ Ny = _Soﬁn_*_)
on Ty, (1.25)

T+ [u] + (74 —iw)plryny =ty — (v4 — w)p'|ryny,

6
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and

T"-[u]=t_, onT_. (1.26)

However, one can already see that this problem need not be well posed, in particular, need not possess at
most one solution. For example, suppose that there is a nontrivial field u,, : Q, — C3 such that

AX ,u, + o.wlu, = 0, in Q,, (1.27)

with
u,|r, ‘ny =0, onT,, (1.28)

and
T%[u,] =0, on T,. (1.29)

Then, obviously, the nontrivial pair (u = u,,, ¢ = 0) satisfies (1.23) and the homogeneous versions of (1.24)
through (1.26). In fact, for certain domains Q, and frequencies w, there do exist nontrivial u,, satisfying
(1.27) through (1.29). When €, is a ball (so Q_ is absent) or a spherical annulus (so Q. is a ball), such fields
can be constructed by means of separation-of-variables; cf. Love [2] for the former case. The eigenfunctions
u, in question for either of these spherical geometries correspond to vibrations in which the particles of
the body move on spheres concentric with the boundary. Some of these motions are “purely rotatory,”
with all particles oscillating along arcs of circles lying in planes normal to, and having centers on, a single
axis passing through the center of the body; it is reasonable to anticipate that modes of this simple type
can be supported by any body of revolution, although we have not yet worked through the analysis of the
pertinent eigenvalue problem. For other classically familiar geometries in which separation-of-variables-type
arguments are applicable, see Ref.3, from which the appropriaie computations can be constructed on the
basis of a reformulation of the eigenvalue problem governing the purely rotatory modes for a certain class of
shapes of revolution. For example, Ref. 3 provides some of the details necessary in the study of this problem
for ellipsoids of revolution. It would be very useful to prove (as intuition suggests) that the class of bodies
of revolution is precisely the collection of domains €, for which such nontrivial eigenfunctions can exist,
since the entire development that we shall give is much simplified when it is known that fields of this type
cannot be supported by the particular €, under consideration. In the absence of such a proof, and since, in
any event, we wish to establish results that shall be valid for the important class of bodies of revolution, we
shall proceed under the assumption that there may be nontrivial u,, satisfying (1.27) through (1.29) for the
chosen €2, and w. Such a field u,, can be termed the “complex amplitude of a nonradiating mode,” since the
corresponding elastic-displacement field U, given by

Uu(1) :=u,()e™™' inQ,forteR (1.30)

then churns about in the elastic medium in €, but has no effect on the inviscid fluid; it is completely
uncoupled from the fluid at the interface I'}, and so, in particular, induces no outward radiation of acoustic
energy. No measurement made in the fluid will serve to detect its presence in the elastic body.

Conceivably, there are more complex situations in which (1.23) through (1.26) do not suffice to determine
at most one pair (u,y). To see how such a situation might come about, let us suppose that €, is, say, a
Lipschitz domain with, for simplicity, _ absent (so I', = '), and the positive w is such that the secemd
fundamental boundary-value problem of steady-state elastic vibrations of angular frequency w for Q,, A, g,
and g, is uniquely solvable in a strong sense for any boundary data chosen from some linear space fI(I‘+) of
C3-valued functions defined almost everywhere (a.e.) on T'y. Thus, we assume that whenever t € H(T,),
there exists a unique corresponding field u; in the Sobolev space H?(Q,) := H%(f,)3 satisfying

A} Jug + gow’ue =0 a.e. in £, (1.31)

7
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and :
T [ue] =t a.e.on Iy, (1.32)

the latter condition being fulfilled in the Sobolev-trace sense; for more on the notations H?((Q,), etc.,
and terminology being used here, cf. §2, infra. Note that I:I(I‘+) must lie in the fractional-order Sobolev
space H¥(T'y) := H3(I'y)? associated with the boundary T'y. Parenthetically we note that, by interior
elliptic-regularity results, each uy must have real-analytic real and imaginary parts, and so (1.31) is actually
satisfied at each point of §2,. The trace u¢|r, is then automatically determined as an element of H%“(l"+) by
t, so that there is defined, as a result of the assumed strong unique solvability, an injective linear operator

B, :H(T'}y) — HH(T,):
But :=uefp, (= BT [u]) whenever t € H(T';.).

Now suppose that there exists a nontrivial function ¢ € C?(£24) that possesses, in some reasonable sense, a
trace ¢[r, and a normal derivative ¢, in the Lebesgue space Lo(T'+) (e.g., suppose that ¢ is in HE (Q4),
and interpret the trace and normal derivative in the Sobolev sense), with ¢|r, ny € fI(I‘+), and is a solution
of a nonlinear and nonlocal eigenvalue problem for —A in Q, specifically, that it satisfies

Ap+rip=0, in Q,
along with the homogeneous (nonlocal) boundary condition
Pony + oyciking - B,(¢lr,ny) = 0. (1.33)

Then, taking G := u;, wherein t := —(7; — iw)@|r,n4, we obtain a nontrivial pair (4, $) satisfying (1.23)
and the homogeneous versions of (1.24) through (1.26), as can be checked. One would expect that this sort
of eventuality could be ruled out with the additional imposition of the Sommerfeld condition. We remark
that a generalized exterior Robin problem for (1.23) and a boundary condition of a form corresponding
to the nonhomogeneous version of (1.33) is studied in Refs.4 and 5 (Ref.5 being a revised and somewhat
amplified version of Ref. 4), under certain restrictions on the operator appearing in the boundary condition.
In that case, it is found that the Sommerfeld condition does serve to prohibit the existence of a nontrivial
eigenfunction of the sort that we have just described.

At any rate, it is evident that some conditions augmenting (1.23) through (1.26) are wanted before there
is a chance that the resultant problemn will be well posed. Keeping in mind the hypothesized origin of the
fields being sought here, we should demand that these additional requirements also follow from the original
initial-value problem, as conditions necessarily fulfilled by assumed-to-exist complex limiting amplitudes of
the elastic and fluid perturbation fields; cf. the assumptions on the forms in (1.21) and (1.22). To see more
specifically what is involved, let us formulate two requirements that we might consider imposing in addition
to (1.23) through (1.26), viz., for the exterior field, the Sommerfeld radiation condition,

lim r{é- grad ¢(ré) — ik;p(ré)} =0 uniformly for é € Sy, (1.34)
r—00
with S; denoting the boundary of the unit ball in R3, and, for the interior field, the orthogonality condition

/ u-u,d 3 =0  for every u, satisfying (1.27) through (1.29), (1.35)
2,

an overbar signifying complex conjugation and A3 denoting the Lebesgue measure on R?; the precise sense(s)
in which (1.27) through (1.29) are to be satisfied in (1.35) (and in (1.36), infra) shall be specified later. Now,
one can show, as we shall in §2, that the problem of finding a pair (u, ) satisfying (1.23) through (1.26),
(1.34), and (1.35) can have at most one solution in a reasonably large class of pairs, each comprising an
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interior vector field and an exterior scalar field. But this is not sufficient to fulfill our stated objective;
we must also decide whether (1.34) and (1.35) are limiting-amplitude conditions, i.e., whether they are
necessarily satisfied by our hypothesized complex limiting amplitudes figuring in the time-harmonic states
approached by fields evolving from a quiescent state under the influence of driving agents as in (1.15) through
(1.17). In fact, (1.35) does not in general meet this criterion. Rather, evidently one should require that

/ u-a, di; = : / /T;(-,s)'ﬁwha dAp +/ F7(-,5) W, d\s e ds
. 200w Jo r, ° 7t Ja

o

for every u, satisfying (1.27) through (1.29). (1.36)

One of the goals of this report is to supply motivation for the claim that (1.34) and (1.36) are, respectively,
the correct exterior and interior limiting-amplitude conditions to be imposed, by proving that they must
obtain at least under sufficiently strong hypotheses concerning the transients in (1.15) through (1.17), (1.21),
and (1.22). Once this has been established, (1.36) will imply that the interior limiting amplitude u is not
independent of the particular manners by which asymptotic approaches to steady-state evolve under the
influence of various T, and F, differing only in their transient parts. The reason for this circumstance
resides in the fact that the transient parts of T, and F,, while dying away, nevertheless may leave a vestige
of their action by inducing a nonzero Ls(€2,)3-orthogonal projection of the resultant limiting amplitude
u onto the subspace of solutions of (1.27) through (1.29), and different transient components may induce
different projections. It is trivial to see that this is so for the case in which T, =0 and F, = F] # 0. While
the proof of the assertion in the case T, = T] # 0 and F, = 0 requires much more work, we choose not to
provide the reasoning in the present report.

There i1s an additional consideration necessitated by the presence of the forcing tractions T, and body
force F,. We describe this by making some remarks that shall remain for the present in the nature of a
plausible conjecture, since we shall not prove them here. Consider for a moment the driving of the elastic
body in §,, but in vacuo, from a quiescent state by means of (bounded!) applied tractions and body
force as in (1.15) and (1.16): in this case, when w has any one of an infinite, discrete set of positive values
corresponding to the eigenvalues of the traction problem for —A3 , in Q,, a “resonance” must be expected,
i.e., one or more of the pertinent eigenmodes will be excited and the displacement response of the body will
not be bounded in ©, x (0,00), so certainly a time-harmonic state will not be approached asymptotically.
Now, when the elastic body is surrounded by fluid, evidently the situation with regard to possible resonances
is significantly altered, for one would expect that the fluid acts as an energy sink into which the body suffers
losses by working at the interface. Consequently, even when w corresponds to one of the eigenvalues just
specified, it can be anticipated that the tendency to resonate owing to excitement of a traction eigenmode
will be suppressed to the extent that the response will remain bounded unless the body possesses such a
mode that can exchange no energy with the fluid, w corresponds to the eigenvalue for that mode, and t,
and f, fail to satisfy a certain orthogonality condition relative to that mode. When, as in our case, the
fluid is inviscid, the special eigenfunctions in question are just those (nontrivial) u,, satisfying (1.27) through
(1.29) for some w > 0. Formal computations based on Laplace transformation indicate that a condition on
t, and f, that is necessary and sufficient to ensure that no resonance be induced by excitement of any such
(nonradiating) mode appears as

/ t, Uy, dAr, +/ f,-U,dx3=0 for every u,, satisfying (1.27) through (1.29). (1.37)
T,

o

On the other hand, it is also easy to use certain integral identities to show that (1.37) is necessary for the
existence of a solution to the problem generated by (1.23) through (1.26), (1.34), and (1.36), while the same
condition will appear naturally in the development of the existence assertion of §4. Observe that (1.37) is
automatically fulfilled (and (1.36) reduces to (1.35)) when the only forcing agent in the problem is the fluid
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incident field. While the conjectures in this discussion probably cannot be substantiated unless the domain

2, satisfies some additional requirements on its shape, they provide an heuristic basis for anticipating the
need for (1.37).

As we proceed, it becomes clear that it would be of great assistance to have knowledge of conditions
on the shape of Q, sufficient to guarantee that, for the given w > 0, there can exist no nontrivial fields of
the sort that we have termed “complex amplitudes of nonradiating modes” for Q, and w, those very special
(eigen)functions u,, satisfying (1.27) through (1.29). For, when we are certain that such fields do exist or
when we lack any separate assertion of their nonexistence, we must deal at every step of the analysis with
their presence or, respectively, possible presence, an aspect significantly complicating matters. In particular,
this is true in the numerical work, since it turns out that if one wants to approximate both the elastic field
u and the acoustic field ¢ satisfying (1.23) through (1.26), (1.34), and (1.36) (when such a pair exists), then
complete information concerning the solutions of the problem embodied in (1.27) through (1.29) is required.
However, we also wish to show that if one is content with the approximate calculation of the fluid field alone,
then one can make do with very meager information about the latter problem.

To sum up, our aim is threefold:

1. We wish to establish the unique solvability of the problem generated by (1.23) through (1.26), (1.34),
(1.36), and (1.37), in a weak sense to be specified.

2. We intend to show how the Galerkin method can be used to construct a convergent sequence of approx-
imations for the unique solution of the problem just cited above, provided that one “knows all about”
both the exterior Neumann problem for the Helmholtz equation (1.23) with the Sommerfeld condition
(1.34) and the collection of solutions of the problem (1.27) through (1.29). Also, we want to verify that
the acoustic part of the solution can be approximated without explicit knowledge of the latter family of
functions.

3. We wish to prove that, under sufficiently strong hypotheses concerning the assumed asymptotic approach
to steady-state, (1.34) and (1.36) are properties of the complex amplitudes u and ¢ in the assumed forms
(1.21) and (1.22) of the solution (U, ®) of (1.10) through (1.14), with forcing data having the forms
appearing in (1.15) through (1.17). The results here are less than satisfactory, in that they provide only
a “plausibility argument,” on the basis of which we are motivated to suspect strongly that (1.34) and
(1.36) are genuine limiting-amplitude conditions.

We shall carry out the analysis in this same order. Thus, in §2 we shall reduce the study of the original
interior-exterior problem to the examination of a purely interior problem (in £,), while giving strong and
weak formulations for both the original and the purely interior problems. Subsequently, we shall restrict
our attention to the weak problems, deferring to a future report a discussion of regularity results for the
weak solutions, in particular, postponing the specification of conditions sufficient to guarantee that a weak
solution is a strong, or even a classical, solution. The abstract results that we need for the analysis of
the weak purely interior problem are presented in §3. There, we base our approach on developments of
Hildebrandt and Wienholtz [6] generalizing the Lax-Milgram Lemma, that we either take over entirely or
modify to suit our own purposes. In particular, an evidently new result is given in Theorem 3.3, identifying
a simple sufficient condition under which the Galerkin procedure can be directly applied to a variational
problem with an indefinite sesquilinear form appearing as a perturbation of a definite form by a compact
one. This machinery is applied in §4 to accomplish the first two aims listed above. In §5 we undertake to
provide the promised motivation for accepting (1.34) and (1.36) as limiting-amplitude conditions. Finally,
the proofs of two auxiliary results used in §5 are given in the Appendix.

10
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2. STRONG FORMULATION; DERIVATION OF THE PURELY INTERIOR PROBLEM
AND WEAK FORMULATIONS

Following a description of the basic notations to be used throughout, we proceed directly in this section
to the formulations and reformulations of the problem represented by (1.23) through (1.26), (1.34), and
(1.36). The plan consists in the use of certain facts about the Neumann problem for the Helmholtz equation
in Q4 to reduce the original interface problem to one involving only the elastic field u in ,, with subsequent
construction of the fluid field ¢ in 24 from u.

We adhere to the standard notations for the usual spaces of complex functions on subsets of RY
(N > 2). Thus, C°(F) = C(F) indicates the complex-linear space of continuous C-valued maps defined on
F C RN. Let Q be open in RV for a positive integer k, C*(Q) is the linear manifold of all elements of C(2)
having all partial derivatives of orders less than or equal to k also belonging to C(Q). When f € C*(Q),
in addition to the notation f,;, we may also indicate partial derivatives of f in an obvious manner as fq,
wherein & = (@, ...,ay) is an N-index of order |a| := a; + ...+ ap < k. The elements of C¥(Q?) having
supports compact and contained in {2 is the linear manifold denoted by C¥(2). The members of C*(%) are
those functions that lie in C¥(?) and are, along with all of their partial derivatives, bounded and uniformly
continuous (and so possess, with all of their partial derivatives, continuous extensions to Q); C¥(Q) is a
Banach space under the usual norm, given by

A llergy = o max, sup [fra(x)]-
In turn, for a number v with 0 < v < 1, C**(Q) is the linear manifold in C¥(2) comprising those functions

that are, along with all of their partial derivatives, uniformly v-Holder continuous in €2; provided with the
norm given by

— |fre(X) = fra(¥)]
”f”ck,u(ﬁ) = “f”ck(ﬁ) + Oé?c?ék xs,;lgﬂ Ix _ y!" ’
x#y

C**(Q) is a Banach space. The spaces C=(2), C$°(Q), and C*®(Q) are defined as the intersections of,
respectively, all C¥(Q), C¥(Q), and C*(Q), for k = 1,2,3,... .

Whenever X is a measure space, with positive measure m, Ly(X) is the collection of all (equivalence
classes of) complex m-measurable functions f defined m-a.e. on X with | x| fl?dm < oo; in this setting,
Ly(X) is equipped with the inner product (-, )z,

9 iay = /X fgdm  for f,g € Ly(X),

under which it is a Hilbert space. The Lebesgue measure on R shall be denoted by Ay .

Concerning regularity hypotheses for a bounded and connected open subset Q of R3, we use the defini-
tions of Necas [7]. Corresponding to a positive a, let S, denote the open square (—a, a) x (—a,a) in R?. By
an affine isometry of R3, we mean a function x — Lx = x, + L,x on R3, with x, € R® and L, : R® — R3
a linear isometry. Now, let k be either a nonnegative integer or co; € is said to be of type R* provided there
exist positive numbers a and b, a positive integer n, a collection {f;};, of real-valued functions contained
in C*(S,), and a family {L;}7, of surjective affine isometries of R? such that
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(a) for I =1,...,n, L; maps the graph G{f;} of f, into 9, the set

{(z1,22,23) | (z1,22) € 8a, fi(z1,22) < 23 < fi(z1,22) + b}
into €2, and the set

{(1:1,1‘2,133) l (231,332) Ega,fz(ml,h) —b<zs< fz(xl,l‘z)}
into R3\ Q,

and
(b) 602 = U?—_-1 L; (g{fz})'

Further, if these conditions are fulfilled and the family {f,}7, is in C**(S,) for some number v € (0,1],
then Q is said to be of type R*¥. Bounded and connected open sets of type R%! are also termed Lipschitz
domains. For the definition of the Lebesgue measure (induced by A3) on the boundary dQ of a Lipschitz
domain Q, cf. Ref.7, §3.1.1 or Ref. 8, §1.1; we shall denote this measure by A,, and its restriction to the
measurable subsets of a measurable subset T' of Q2 by Ap. For such €2, the unit exterior normal field n
exists A n-a.e. on 0Q2, with Cartesian components A,g-measurable (and bounded); by “exterior,” of course
we mean here that, whenever a normal is defined at x € 8Q, the inclusion x + sn(x) € R3 \ Q obtains for
all sufficiently small positive s. Explicitly, suppose that x € 9 is such that for some I € {1,...,n} and
(£1,%2) € S; we have x = Ll(il,i'g,fl(:ﬁl,a“:z)): then, provided that f;,;(£1, &2) and f;,5(&1, £2) exist, n(x)
exists and can be computed from

n(x) = LIO(ﬁI(il) 572))’

wherein L;, is the surjective linear isometry associated with L,, and (in Cartesian components)

(f],l(i'ly 5’2)a f[,z(-i'l,i'z), _'1)
{14 [f11(81, 22))2 + [fyn(81, 22)]2}?

fll(i'l, 12‘2) =

is the appropriate unit normal to the graph of f; at the point (21, &2, fi(21, £2)).

For the definitions and properties of the various Sobolev spaces, we rely on Neéas [7]; cf., also, Adams [9],
wherein certain of the results are to be found. Returning to the case in which Q is open in R¥, for a positive
integer k the corresponding Sobolev space H*(Q) (= WS¥(Q) in Ref.7, = W52(Q) in Ref.9) is the set of
all elements of H%(Q) := Ls(Q) for which all weak (distributional) derivatives of orders less than or equal to
k exist and belong to L2(); we extend the notations f,;, f,» to indicate the weak derivatives of an element
f € H¥(Q). Defining an inner product on H¥(2) by

(£, 9 ur ) = > (far@ra)ray  for f9 € HH(Q),
o<l <k

HF(Q) becomes a Hilbert space. The definition of H¥(Q) is extended to encompass nonintegral values
of k > 0 as in Ref.7, §2.3.8, in a well-known manner, by using the approach of S. L. Slobodetskii and
N. Aronszajn; such spaces are needed here for the definition of the fractional-order Sobolev spaces on 812,
infra. Thus, when s is positive d nonintegral, with [s] denoting the greatest integer not exceeding s, one

sets N

Jts0(%) = 0 (¥)[? 2
leell gy == 4 Mall3racay + | |2:[ ]/n o Tk — y[FA26-BD dAn(x) dAn (y)

for those u € H[’](Q) for which the integrals appearing on the right are all finite; the resultant complex-linear
space is equipped with the obvious inner product generating || - ||H'(Q), forming a Hilbert space denoted by

H*(©). Finally, when Q is not bounded, by H;}, () we shall mean the collection of all complex measurable

loc
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functions defined a.e. in Q and having restrictions in H*(Q') for every bounded open subset ' C Q; in the
standard manner, H} _(Q) is made into a locally convex linear topological space through the introduction of
the seminorms u — |[u|Q'}| . .-

In this paragraph, Q C R3 shall be (at least) a Lipschitz domain, whence a good deal more is known
about the structure of H¥(£2) than in the case of a general open set. We shall write T' := 8Q. Thus, C*(Q)
is dense in H¥(Q) (cf. Ref.7, Théoréme 2.3.1 or Ref.9, Theorem 3.18), and there is defined the Sobolev
trace operator u — ulp from H'(S) into Ly(T'), as the unique bounded extension to H'() of the “classical”

“trace map f — f|p := f|T for f € C*(Q), regarded as densely defined in H'(R2) and mapping into Ly(I)
(Ref.7, Théoréeme 2.4.2). Moreover, both the natural injection of H!() into Lo(f2) and the trace operator
carrying H'() into Ly(T') are compact (Ref.7, Théoréme 2.6.1 and Théoréme 2.6.2). At various points,
we shall make reference to Sobolev spaces H*(T') associated with T, for certain real (nonintegral as well
as integral) values of s. Following §2.4.3 and §2.5.2 of Ref.7, let k be a positive integer and Q be of type
RF-11: when 0 < s < k, the corresponding H*(T') is defined to comprise those g in Ly(T) for which the
function g; defined Az-a.e. on S, by g,(z1,z2) == g (L (z1, 22, fi(z1,22))) lies in H*(S;) for I =1,...,n (cf.
the notations employed in the definitions of the regularity classes of open sets, supra); when provided with
the inner product ensuing from this construction,

(9, h)H‘(l") = E(gu hI)Ho(s.,)»
=1

H*(T) forms a Hilbert space. With this deﬁnltlon the range of the trace operator on H!(Q) is characterized
as prec1sely the collection of elements in H 2 (I‘) and the resultant map, when regarded on H(Q) onto
H%(T), is bounded (Ref. 7, Théoréme 2.5.5 and Théoréme 2.5. 7). Finally, provided that s > 0 and H*(T) is
defined, H~*(T) denotes the anti-dual of H*(T") (the collection of all bounded conjugate-linear functionals
on H*(T')) and (-, -), the resultant duality pairing on H~*(T') x H*(I"). With the usual identification, we can
regard H°(T) := Lo(T) as a linear manifold in H~*(T), and then can write

(f9)s = /F fdhr = (f,9) .y for f € HT) and g € H*(T).

The extension of the formula for integration by parts (“formule de Green”), classically a corollary of the

Divergence Theorem, to the Sobolev-space setting for a Lipschitz domain is effected in Théoréme 3.1.1 of
Ref.7. Thus, we have

/ u,;vdizg = / ulpv|pn; dAp —/ uv,; dAg for u,v € HY(Q), j=1,2,3,
Q r Q
(n1,nz,n3) denoting Cartesian components of the unit exterior normal field n, defined Ap-a.e. on I.
For each of the spaces of complex functions defined in the preceding, we introduce the corresponding
space of C3-valued functions, identified as the Cartesian product of three copies of the original collection,

and denote the new space with the corresponding boldface symbol, C(F), C¥(Q2), Lo(X), H¥(Q), etc. La(X)
is provided with the Hilbert-space structure induced by the inner product given as

(f’g>L3(x) = / f-gdm for f, g € La(X);
X

H*(Q) is equipped with the inner product defined by

£, 8)ur@) = Z (fr0,8 )Ly  for f,g € HY(Q),
0<|e|<k
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under which it also becomes a Hilbert space. Similarly, the other products of Hilbert spaces are given their
natural Hilbert-space structures.

Returning to the developments begun in §1, we retain the notations already introduced there. We
now suppose that €2, is a Lipschitz domain, but we impose the restriction that (the fluid-elastic interface)
I’y be a manifold of class C?, just so that we can use directly the results of Refs.4 and 5, wherein this
much smoothness was demanded. Still, the components of (the vacuum-elastic boundary) T'_ are allowed
to be nonsmooth, with corners and edges of a severity permitted within the Lipschitz-domain setting. More
precisely, then, the (bounded and connected) open set Q_ U, shall be taken throughout to be of type R2.
Alternately, the regularity requirements on I'y can be phrased in terms of the notations already introduced:
let a > 0, b > 0, the integer n, and the families {f;}7, and {L;}}, be associated with €, as a result of
its being of type R%!. If Q_ is absent, let ny := n; otherwise, we may suppose that matters are arranged
so that {1,...,n} can be partitioned into {1,...,n4} and {n4 +1,...,n}, with Ty = Ut Li(G{f;}) and
.= U;’an_l L,(G{f;}). Then our restriction is expressed by the inclusion {f;}1, € C?(S,). Observe that
the spaces H*(I'y) and H*(T ) are defined for |s| < 2 and can be described more explicitly with the help of
@, b, ny, and the f; and L, for I = 1,...,ny. For brevity, we write (with H°(Q,) := L1(Q,)) H* := H*(Q,)
fork=0,1,2,... . Ifue H!, by ulp_ and u|F+ we mean the restrictions to I'_ and Ty, respectively, of the
trace ulp, of uonT,, i.e.,

ulp_:= (ulp )T~ and wulp, = (u|p )Ty whenever u € H!.

With this understanding, we want to make sure of some simple facts concerning the linear maps u + u rs
and u — u|F+ -n4 on H!, which will be of importance in the later developments.

Lemma 2.1. Recall the regularity conditions imposed on §,.

(¢) The linear operations u — u|F+ and u — u|I«+ -ny on H! are compact when regarded as mapping into
Lo(T4) and Ly(T'4), respectively.

(#¢) 'The linear operationsu ulp, andu ~ u|p, -ny carry H' onto H3(I',) and into H¥(T'), respectively,
and are bounded when so regarded.

Proof: The assertions in (¢) follow immediately from the compactness of the trace map u — ulp, on H! into
L2(T,) and the obvious inequalities ||(g|F+)on+||L2(F+) < ||g|I‘+HL2(F+) < Hg||L2(FO), holding for g € L(T,).
Turning to statement (i), let us first show that H%(I'}) = {ulp, | u € H'}. The inclusion “3” here is
easily seen to hold by virtue of the inclusion u|r € H3(T,) and the remarks made concerning the generation
of H%(I‘+). The proof of the opposite inclusion requires not much more work: taking any g € H%(I‘+),
extend its definition (if necessary) to get an element g of H3(T',) by setting, say, §(x) := 0 for x € I'_; there
exists some @ € H' such that |, = g, whence we have @[, = g. Thus, u ufp, carries H' onto H(I);
the boundedness of this “restricted-trace” map then follows from the boundedness of the trace operator from
H! onto H%(I‘o) and the evident inequality |]g|F+||H,2_(F+) < ||g||H%(FD), holding for g € H%(I‘o). Finally,

let u € H!: we show that ulp, ‘ny liesin H%*(T',) and that there exists a positive ¢1, independent of u, such

. i tivel letes th f of (42). To this end,
that ||u|11+ n+”H‘2L(I‘+) < cll|ulp+|]H%(P+), which then effectively completes . e proof o (lz) o
by using the notation introduced above, select any ! € {1,...,n;} and consider the function (u[r+ ‘my),

defined for Aj-almost all (z;,z2) € S; by

(u|1“+ ‘ny)(z1,22) 1= (u|r+ ‘ny) (L,(ml,zz,f,(zl,:cg)))
= ulr+ (Lz(-"fl,-"fz,fl(zlﬂv'Z))) ~L,o(ﬁ,(x1,:c2)) = (u|r+)1(‘”1:‘”2) ’Llo(ﬁl(zl:x2))-
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Clearly, the inclusion n; € Cl(:S_'a) holds by our restriction on ,, so the function'ﬁ, is certainly uniformly
Lipschitz continuous on S,. Consequently, we get

/ / |(ulp, -n4) (21, 22) = (ulp, ‘04 ) (y1,92)
Sq JSa

(21,22 = (91, 92)P a1, 22) Ao, )

n Z1,Z2 —-n s Y2 2
sz{ / e o, w)P R S LR NP PIWA

S, [(z1,22) = (91, 92) 2

l(ulp, (21, 22) — (ulp, w1, 92) I
+/5., / 71, 22) = (1, ¥2)P

dy(z1,22) dA2(yl¢y2)}

(ulp, )i(z1, 22) = (ulp, )i(v1, 32)?
<2< M, 2o / / + + d ,Z)dA )
s { 1”(“|r+)1“H )t s. Js. (z1,22) — (1, v2) P 221, 22) dAy(y1, 92)

< MI'“(U|1"+)1||;12,(SG),

in which M; and M/ depend upon 2, and ! alone. Moreover, obviously
lCalp, -4 dillgogs,) < Nl )illsogs,) < ||(“|1*+)1”H§(S¢)-

From these facts, we conclude that (u|p, ‘n4); liesin H%(S,), with norm not greater than a positive multiple
of ”(ulr'*')I”Hl(S y the multiple depending upon only €2, and I. In turn, this implies that u|, -ny belongs
2 a
to H%(I';), with norm not exceeding a positive multiple of ||u|F+||H1( , the multiple depending on €,
2+

r'y)

alone. M

For the various formulations of the problem loosely described in §1, and for its reformulation as a purely
interior problem in £2,, we need some preliminary results on the (purely exterior) Neumann problem for the
Helmholtz equation and the Sommerfeld condition in Q4, with boundary data lying in Ls(T'y). For this,
it is most convenient to rely on the developments already in place in Refs.4 and 5. There, a generalized
Robin problem, subsuming the Neumann problem, is studied by using potential-theoretic methods, although
the analysis is not carried out within the Sobolev-space setting, but completely in La(T'y); the later article
Ref. 10 1s concerned with the connections between the two approaches. In particular, in Refs. 4 and 5, traces
and normal derivatives on I'y are taken in the normal-Ly sense. To recall the pertinent definitions, let
N, : Ty — R3 be given for any s > 0 by

N,(x) := x + sn4(x) for each x € T'y;
because of the regularity imposed upon ,, there is some sy > 0 such that N,(I'y) C Q4 whenever
0 < s < 54. Thus, if ¢ is any function defined in Q4, then % o N, is defined on I';. for all sufficiently small
positive s. Now suppose, for simplicity, that ¢ € C*(£24). Then we say that ¢ has a trace on T'; in the
normal-Ly sense Y lim,_,o+ ¢ o N, exists in the Ly(T')-sense, i.e., iff
: 2

Jim [lpoNs =@l [lzory) =0
for some (,0]12+ € Ly(T4), in which case the latter function is termed the normal-Ly trace of ¢ on I'y.
Similarly, we say that ¢ has a normal derivative on 'y in the normal-Ly sense iff lim, ¢+ ny - (grad ¢) o N,
exists in the Lp(T'y)-sense, i.e., iff

Jim [l - (grad) o N, = 9.2 llzary) = 0
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for some <p,f‘+ € L(T'4), in which case the latter function is called the normal-Ly normal derivative of ¢ on
T'y. When both gol%+ and @,7 exist, we say that ¢ is La-regular at T'y. With the understanding that the
trace and normal derivative of an appropriate function ¢ in 24 are always to be interpreted in this sense,
henceforth we omit the superscript “2” and write, respectively, simply ¢|r, and ¢,, ; for these elements of

La(T4).

Now, we introduce the collection W (2 ; k4) of radiating solutions of the Helmholtz equation (1.23) in
Q4 that are also Lp-regular at T'y:

W(Qy;ry) :={p € C*(24) | (1.23) and (1.34) hold, and ¢ is Lo-regular at I'y }.

For ¢ € W(Q4; k4), we refer to ¢|r, and Pong respectively, as the Dirichlet data and the Neumann data of
.

The basic facts that we shall use concerning the Neumann problem for (1.23) and (1.34) in Q are
collected in Theorem 2.1. To state the results, we need to introduce an “outgoing” fundamental solution for
the operator A + n?,_; we choose the particular one given by, for each x € R3,

Ers ein+ly—x| . R®
< (y) = oy —x| ory € R%\ {x}.
Whenever x € R3, we write E;Tn+ := ny - (grad Ex*)|(T4 \ {x}) for the normal derivative of Ex* on

Iy \ {x}.

Theorem 2.1. Recall the regularity conditions imposed upon €04 and the inequalities Rexy > 0 and
Im k4 > 0 fulfilled by K.

(i) The linear map ¢ — @, is a bijection of W(S24; k4) onto La(L'y).
(i) By (i), the linear operator Ax, : La(T'y) — L2(T'y) given by

Ax,g:=@4lr,, wherein o, € W(Qy; k) with pgn, =g, for each g € Ly(T'y)

is well-defined. This operator is compact, injective, and has dense range in Lo(T'y), while —z'/cﬁ_A,‘;+ is
“strictly dissipative,” i.c.,

Im (K_2’_A,¢+f, e,y <0 whenever f € Lo(I'y) and f # 0. (2.1)

(iii) For any g € Ly(Ty), the corresponding unique o, € W(2y; k) such that ¢gm, = g, t.¢., the corre-
sponding unique solution in W(Q; k4 ) of (1.23), (1.34) with Neumann data g, is given by

1 K
pg(x) = 2 /P {Ef+g — E'x“,rn+Aﬂ+g} dAr, for x € Q. (2.2)
+

Proof: This is proven in Ref.4, §6 and §7; cf., also, the remarks there in §2 following the definition in (2.2)1.
Actually, in Ref.4 it is assumed that k4 # 0, with Imky > 0, and k4 > 0 if Imky = 0. It is shown there
that the statements (i), (i), and (i) hold on that larger set of x,-values, with the exception of (2.1).
Rather, there is a generalization of (2.1) asserting that, for any such x,, the operator —iCA,, is strictly
dissipative, t.e.,

Im (CAx, f, fL,y) <0 whenever f € Ly(T'y) and f # 0,
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for any ( lying in the complex set Z,, defined by

{C€R|C>0}=(0,oo), ifImn+=0,
Dy, =
"l {cec|me >0, m((RF?) <0, and [Im(]? + [Im (R > 0}, if Tmry > 0.

One can check that, for the larger set of xy-values specified, IC_Z*_ lies in Z,, iff Rexy > 0, whence (2.1)
results. N

The operator A., of Theorem 2.1 can be referred to as the (L2(T'y)-) boundary-data operator for
W(Q24;k4), since it maps the Neumann data ¢,,, to the corresponding Dirichlet data ¢|r, for each
¢ € W(Q24;k4). This operator has a number of interesting properties in addition to those just cited in
Theorem 2.1, some of which are given in Refs. 4, 5, and 10. Henceforth, we shall suppose that we have at our
disposal some means for constructing the image A, g for each g € La(T'y), which is essentially equivalent
to assuming that we can construct the solution of the Neumann problem for (1.23) and (1.34) in Q4 for any
boundary data in Ly(T'y). Various schemes are available for accomplishing this. For example, an explicit
representation of the operator A., can be obtained if one is willing to carry out the Gram-Schmidt or-
thonormalization procedure for an appropriately chosen complete family in La(T'4); ¢f. Lemma 6.3 of Ref. 4.
If n?,_ is not in the countably infinite collection of (positive) Dirichlet eigenvalues for the operator —A in
the interior domain Q_ U, (= R3®\ Qy4), then A,, is given by (I + Dy, )~ Sk, , wherein S., and Dy,
are the compact operators in La(T'4) constructed from the “direct values” of, respectively, the single- and
double-layer potentials based upon the fundamental solution E*+: for f € Lo(T'y), Sk, f and D, f are the
elements of L(1'y) defined by setting, for Ar, -a.a. x € Ty,

Sk, f(x) = / Ex* fdir,
Ty
and

Dy, f(x) = /F Est,, fdir,.
+

However, unless Imky > 0, ‘one does not usually know whether Ki is not amongst the eigenvalues just
specified, t.e., whether the operator (I + Dy, ) is injective, and so, in general, a more difficult operator
inversion must be effected to capture A, . For example, it is shown in Theorem 8.4 of Ref.4 that one can
always compute on the basis of the representation

Acy = {Sky —€(I = Da)HI+DE, + Weyn, )Y

wherein D_;: is the compact operator in La(I'y) obtained by conjugating the kernel of the (L2(T';)-adjoint)
integral operator Dy ; £ is any conveniently chosen complex number with positive imaginary part (or, in the
more general case identified in the proof of Theorem 2.1, with Im& # 0 and Im€ Rexy > 0); and W, ,n,
is the densely defined and unbounded operator in Lo(I'y) induced by the normal-Ls normal derivative of
the double-layer potential in 4 (or in Q_). That is, defining the (restriction to Q4 of the) double-layer
potential Wt {f} with density f € L2(T'y) by

W;‘;{f}(x) = /1“ Exta, fdir, for x € Oy,
+

then Wy, n, f is defined to be the normal-L; normal derivative W,j; {f}m,, on the linear manifold of all
f € Ly(T4) for which this normal derivative exists (which turns out to be precisely R(Ax, ), the range of the
operator A, ; cf. Ref.4, Corollary 8.3). Another scheme for calculating the action of Ag, is implicit in the
results of Ref. 11 and stated more explicitly in Theorem 8.1 of Ref. 4. Although it has not been formulated in

this manner elsewhere, the problem of deriving representations for A, that are valid even when &3 happens
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to be one of the Dirichlet eigenvalues of —A in Q. U, has been the object of much study; cf., e.g., Refs. 11,
12, and the references given therein.

By relying on properties of the single- and double-layer potentials that are proven by Kirsch [13], some
connections are made in Ref.10 between the Lo-type results just cited and those that can be established
within the Sobolev-space setting. For example, with Q_ 1UQ, of type R2, as we are supposing here, it can be
shown that R(A, ) lies in H'(I'}). For a given real number s, with more smoothness hypothesized for I'y
(depending upon s), it turns out that the restriction A, |H*(I'y) forms a bounded bijection of H*(I'y) onto
H*+1(T'}) when s > 0, while A,, can be extended to a bounded bijection of H*(I';.) onto H*+}(T'}) if s < 0.
By using results of this sort, we find, for example, if @_USQ, is of type > and g is a member ofHJi(F_i_), then
the function ¢, € W(Q4; &) defined by (2.2) lies in H7,,(€24+), and so possesses both a Sobolev trace and a
Sobolev normal derivative on Ty, elements of H%(I‘.}_) and Hé(l"+), respectively; moreover, these coincide
with its trace and normal derivative on 'y in the normal-L, sense, given by A, g and g, respectively (cf.,
also, Proposition 2.2, infra). Presently, we shall see that we need to construct the solution ¢, of the exterior
Neumann problem (with (1.34)) here only when the boundary data g € H#(I'y.); the preceding remarks will
then supply the Sobolev-space properties of that solution when I'y has the additional smoothness noted.

To concisely formulate the conditions (1.35) and (1.36), it is convenient to introduce the linear space
.N}%o,w of complex amplitudes of strong nonradialing modes for Q, and w:

N, . = {u, € H? | (1.27) through (1.29) hold }. (2.3)

Here, we mean that (1.27) through (1.29) are to hold a.e. on the respective sets indicated, with respect to
the appropriate measure (As or Ar,), the conditions in (1.28) and (1.29) being interpreted in the sense of
the Sobolev trace operator on H!; cf. (1.4) through (1.6) for the calculation of the action of T™¢[-] on an
element of H?. Now, with (N‘%mw)(““ denoting the orthogonal complement of N(%mw taken with respect to
HP°, we shall write M?‘zo,w for the linear manifold of elements of this orthogonal complement that also lie in
H2:

ME |, = (N, ) Ee nH?, (2.4)

Since (.N}%D,w)(l)" is closed in H?, it is easy to see that M3_, is closed in H?. Eventually, we shall find that
N(Zz,,,w is finite-dimensional (a fact that is not surprising, since, when it is nontrivial, Néo,w is a subspace
of an eigenspace for the traction problem for — ’;"“ in Q,), and so also closed in each H* k=0,2. In
particular, once this is known, we shall have the orthogonal direct-sum decomposition

H® = NE, , & NS, )W, (2.5)
whence it shall follow readily that
H? = NG, ., + Mb,,, with N ,nMG , = {0}, (2.6)

i.e., we will have the (nonorthogonal) direct-sum decomposition of H? into the subspaces indicated. In this
case, we shall reduce the problem corresponding to (1.23) through (1.26), (1.34), and (1.36) to that in which
(1.36) is replaced by (1.35), essentially by seeking separately the projections of the solution onto the subspace
of amplitudes of nonradiating modes and onto the H®-orthogonal complement of that subspace (and we shall
effect this reduction in both the strong and the weak formulations). Since we must frequently refer to these
two sets of requirements, it is convenient to introduce some abbreviated references.

Terminology 2.1. Let f, € H? and t, € Lo(T,). Let {)* be open in R3 and contain Q_ U, and suppose
that ¢* € C?({)*) satisfies (1.18). Then by (Pg) = (Po(fo,to,w‘)) we refer to the problem of determining
an appropriate pair of functions (u, ) satisfying, in a sense that is always to be specified in the context,
the conditions (1.23) through (1.26), (1.34), and (1.35). Suppose also that T} on T'; x (0,00) and Fj on
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Q, x (0, c0) are measurable C3-valued functions such that T7(-,¢) € Lo(T,) and F7(-,t) € H® for each ¢ > 0
and

L(uy,) = {(u,; T;,F;) := : /0 {/r‘ T, (-, s) - Wlr, dAr, +/; Fl(s) u, d)\g,} ev* ds (2.7)

200w

exists whenever u,, € H! satisfies (1.27) through (1.29) in a specific sense to be designated in the context;
for example, for the existence of the integrals in (2.7), it is sufficient to know that the functions ¢
ITZC Dlle, e,y and £ = [IF7(;,1)llgo are in L1(0, 00). Then, by (P) = (P(£,, to, ¢*; F7, T7)) we shall refer
to the problem of determining an appropriate pair of functions (u, ¢) satisfying, in a sense to be designated
in the context, the conditions (1.23) through (1.26), (1.34), and (1.36).

Of course, it is not really necessary to retain the explicit appearance of the complex amplitude ¢* in
the conditions in (1.25), since we could just replace the inhomogeneities there with some given elements
of Ly(I'y) and Lg(Ty), respectively. However, we wish to maintain contact with the underlying physical
setting, and so choose to continue writing the interface conditions in their original form (1.25).

We shall first define “strong solutions” of (Pg) and of (P), since one has for such solutions a better feel
for the sense in which the various requirements are fulfilled. Eventually, however, we restrict our attention in
the present report to the study of weak formulations of these problems. Whatever else is demanded of them,
all solutions of (1.24) (or (1.27)) that we consider shall be H!-functions u that are, in particular, solutions
in the distributional sense, ¢.e., such that

/ u- {A’,’{,#v + gowzv} d\3z = —/ f, - vdis for every v € C§°(Q,),
Q.

°

whence their (local) interior regularity properties will be known from the well-developed theory of regularity
for strongly elliptic systems. For example, Theorem 3.I of Ref. 14 implies that, if f, € H* for some integer
k > 0, then any u € HO satisfying (1.24) in the distributional sense will have restrictions in H¥+2(Q) for
any open § with @ C €,. The Sobolev Imbedding Theorems then show that, if f, € H?, such a u will
be in C?(Q,), and so also a classical solution of (1.24) (in fact, the same conclusion can be drawn even if
it is known only that f, lies in C%¥(,)); if £, € C®(Q,), then u will satisfy that inclusion as well (for
these assertions, cf. Theorem 3.1I of Ref. 14). If f, has real-analytic real and imaginary parts, the same will
be true of u (cf. Ref.15). Thus, the elements of Némw enjoy the latter property of real-analyticity (as do
those of M}, to be defined presently). All of our solutions of (1.23) will be classical, in W(Qy;«4), and
consequently will also have real-analytic real and imaginary parts. Global regularity (“regularity up to the
boundary”) for the solutions of our boundary and interface problems is another matter, that we shall touch
upon in this report only in Proposition 2.2, infra, and there we shall give a limited result only for the scalar
part of a solution.

Definition 2.1. Recall Terminology 2.1. The pair (u,) is a strong solution of (Po(f,,t,,¢")) iff u €
M . 0 € W(Qy;k4), (1.24) holds ae. in Qq, (1.25) holds a.e. on 'y, and (1.26) is true a.e. on I'_, with
up,, T?*[u], and T"-[u] interpreted in the sense of the Sobolev trace operator, and ¢lr, and ¢, 5, taken
in the normal-Ls sense on I'y. Suppose it is known that N,?, w is finite-dimensional, with dlmensmn n, > 0;

if n, > 1, let {u(] ) 72, constitute an HC-orthonormal basis for N3 . Suppose that the integral in (2.7)
exists for every u,, € ./\/‘no’w Then the pair (u, ¢) is a strong solution of (P(fa,to, TT)) iff

0 ifn, =0
u=up+ (2.8)
e 8 ifn, >1
and (up, ) is a strong solution of (Po(f,, to, ¢*)) (cf. (2.7) for the coefficients in (2.8) when n, > 1).
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The requirement that the vector part of a strong solution of (Pg) lie in M?IO » is the strong form of the
condition (1.35); the requirement that the vector part of a strong solution of (P) be of the form (2.8) with
(in particular) ug € M3, is the strong form of condition (1.36), ensuring that the latter holds for every
u, € erl,, w- As a consequence of Definition 2.1, we essentially need consider only the study of the existence,
uniqueness, and construction of strong solutions of the problems (Pg). We will find that, even in the best
of circumstances, one must identify N,%mw to approximate the elastic-field portion of a solution of the latter
problem, so that there will be but little additional work involved in using (2.8) if the ultimate goal should
in fact be the solution of a problem (P).

Obviously, under Definition 2.1 (P(£,, to, ¢*; F7, T7)) can have at most one strong solution if the problem
(Po(f,, to, ¢*)) enjoys that same property. To emphasize the réle played by (1.34) and (1.35), let us prove
that there can exist at most one strong solution of the boundary and interface problem (Py). In preparation,
we need a familiar integral relation (which shall be used later, as well), viz.,

/ {v-AY ju+ & u(u,v)}drs = / vlp, - T%[u]dlp, for u € H? and v € H?, (2.9)
Q, r

o

in which
Ex p(u,v) := Agjj[ulers[v] + 2pejr[ulejr[v] = ojr[ulejr[v] = oji[viejr[u] foru,v € H'. (2.10)

This identity is easily derived with an application of the formula for integration by parts, cited previously.

Theorem 2.2. There can exist at most one strong solution of the problem (Po(fo, to, go‘)), in the sense of
Definition 2.1.

Proof: Let the pair (u, ¢) be a strong solution of (PO(O, 0, 0)), i.e., with f, =0, t, = 0, and ¢* = 0. Then,

by using (1.25) and the mapping property of A, following from its definition in Theorem 2.1(#), and noting
that T™+[u] is a normal field on T'y, we have the equalities

— — . — 1
<pan+AK+ Lpu]_*. = <Pm+<P|I‘+ = (—zg+wu|p+ . n+) (—mT’” [u] - n+)

— ﬂt"’f_TfH [u] - g,
T+ W

between elements of Li(T+), whence a little rearrangement and integration over I'y produces

CZ —
%<K1A5+50m »Qo’n+)L2(F+) =0+ T"+[u] - u|P+ d)‘r‘-r (2.11)
w + ry

On the other hand, from (2.9) and by taking into account (1.26) and (1.24), we get

"+ [11] ) ﬁ|I‘+ d/\I‘+ = / T"e [11] . _ﬁ'l",, dAI“o
Lt Lo

= {E~A§‘#u+£,\’u(u,ﬁ)}d/\3::/ {—oow?u - T+ £ u(u, |)} dAs,
Q. o

clearly implying that the integral on the right in (2.11) is real. Thus, (niAn+go,n+,go,n+)L2(p+) is real, so
that the vanishing of ,,,, follows from (2.1). Statement (7) of Theorem 2.1 then allows us to assert that ¢
vanishes in Q4. Now, (1.24) through (1.26) and the inclusion u € H? show that u € Némw; since we also
know that u € (./\/}%O’w)("“)o (by Definition 2.1), it must be that u = 0. This completes the proof. i

It is interesting to note that, without the condition that u lie in Méo’w, we could still have deduced
that ¢ = 0 by reasoning as in the proof, but then would have been able to conclude only that u € Néo,w.
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Now, we turn to the reduction of the strongly formulated boundary and interface problem (Pg) to a
purely interior problem (in 2,) with a nonlocal boundary condition, basing the replacement on the properties
of the operator A.,. Suppose that (u,¢) is a strong solution (and so also the unique strong solution) of
(Po). Then, by the boundary-data-mapping property of A., and the first equality in (1.25), we have

SOIF.;. = AK+()0an+ = Aﬂ+ (i9+wu|l"+ ' n+) - An+sol;n+a

and so the second equality in (1.25) becomes

T [u] + (74 — w){ioswAr, (ulry -ny) — Axy 9l Iy =t — (14 — iw)e|ryny,

or
T [u] + o4 ¢} k3 {Ax, (ulry -ny)Ing =ty — (13 — WHP' |0y — Ay @i, 0y, (2.12)

a boundary condition on u alone. This motivates

Definition 2.2. Recall Terminology 2.1. The function u is a strong solution of the purely interior problem
corresponding to (Po(£f,,to, ")) iff u € M3, ., (1.24) holds a.e. in ©,, (2.12) is true a.e. on I'y, and (1.26)
holds a.e. on T'_.

To find a strong solution of the original problem (Py), it is easy to see that it suffices to generate a
strong solution of the corresponding purely interior problem. For, if u fulfills all requirements of Definition
2.2, let us construct the unique ¢ € W(Q4; k4 ) having the Neumann data given by

Py = t04wulr, -y — @5, (2.13)

observe that the function on the right here lies in H §(F+) (cf. our previous remark). Explicitly, from the
representation (2.2) of Theorem 2.1, this ¢ is given by

1
So(x) = 5 r {E:+Sol;n+ - E:tn+AN+<P§n+} dAF-}-
+

+ E%'ﬂ/; {Extulp, -ny — Ext, Axy(ulpy, -ny)}din, foreach x € Q4. (2.14)
+

With (2.13), we have automatically ensured that the first equality in (1.25) is fulfilled a.e. on I'y, while the
validity of the second requirement there follows in the same sense from (2.13) and (2.12):

T [u] + (74 — )plr,np = T u] + (14 — w)(Ae, 0on, )04

= —otw(w + i74 ) {Ax, (ulry -ny)Ing + b4 — (4 — w){p |0y — Ax, Oon, Iy
+(")’+ — Z'LU){ZQ+(4)A,¢+ (uII‘+ . n+) - AR+ <p‘)n+ }l’l+

=t — (14 — w)¢' Iy 0y

Consequently, (u, ¢) satisfies all of the requirements placed in Definition 2.1 on a strong solution of (Pg). It is
important to note here that only the normal component u|p, -ny of the trace of u restricted to I'y is needed
for the construction of ¢ by use of (2.14), i.e., to calculate the fluid field once the strong solution of the
purely interior problem for the elastic field has been obtained; the complete implication of this observation
for the numerical work will emerge in §4. We might also remark that the representation displayed for ¢ in
(2.14) has split naturally into a sum of two integrals taken over I'y. Of these, Theorem 2.1 makes it clear
that the first is a representation for the unique element of W(Q4; x+) with Neumann data —¢5,_, which is
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nothing else but the complex amplitude of the time-harmonic scattered-field velocity potential that would be
produced by the interaction of the time-harmonic incident-field velocity potential with complex amplitude ¢*
with a rigid obstacle occupying Q_ UQ,, under the usual steady-state assumption. The second term on the
right in (2.14) must then encompass all contributions from the elastic nature of the obstacle, the impressed
tractions, and the imposed body force. By using Green’s Theorem, the first term can be recast into the
form —(1/2) fr+ E;Tn+{<p‘|p+ ~ Ay Pin, }dAry, in which there appears the same field ¢*|r, — Ax, p3,, on
I'y as in the new boundary condition (2.12) of the purely interior problem; this is the sum of the incident
and the scattered fields, or “total field,” on I'y in the rigid-acoustic steady-state scattering interaction just
mentioned.

It is appropriate to include here an observation pertinent to the eventual numerical approximation of
¢ and its far-field pattern from numerical approximations generated for u by computations based on the
interior problem. We recall that to each element ¢ of W(§4;k4) there is associated a unique complex
function ., on the unit sphere S; of R3 with the property that

eth+T

'(!)(Té) =

1
woo(é)+0(r—2> as r — oo, for each € € 5;.
r
This function v, is variously termed the far-field pattern, or radiation paitern, of ; cf., e.g., Ref.12. Since
Yoo (&) = lim, o0 (e!"+7 /r)~14h(ré) for each & € Si, by using the representation for elements of W(Qy; x4)
that is obtained from (2.2), it is easy to show that

. 1 . )
Yool8) = — /F o, - et Ay ¥m, ) dhr,  for each 6 € 5, (2.15)

whenever ¥ € W(Qy;k4), with e;*(y) = e i*+%Y for y € R3. Now, we can formulate the desired
statement in the form of

Proposition 2.1. Let u be an element of H!, and let ¢ be the unique element of W(Q24; k4) satisfying
(2.13), so that ¢ has the representation displayed in (2.14); of course, if u happens to be a strong solution of
the purely interior problem corresponding to (Pg), then (u, @) is the unique strong solution of the problem
(Po). Suppose that (u,)% 5 is a sequence in H* converging weakly ton in H!'. Construct the corresponding
sequence (pn )%y in W(24; k4) according to, forn > N,

1 i
o)== 5 [ ABE G, — Bfta Aespln,} i,
+

104w
2 Jr,

{Ex*unlry, sng — EZY, Agy(un|ry -ng)}dArg for each x € Q4. (2.16)

Then, for each 3-index «, the sequence (¢,,, )5 N converges to ¢,, uniformly on each subset of Q. that is
closed in R3. Further, the sequence (¢neo ) 5 of far-field patterns converges to the far-field pattern e, of
¢ uniformly on Si.

Proof: We have, for each x € 24 and n > N,

(%) — pn(x) = "9;“’ / {E5+(u—wn)lr, -0y — Ef%, Ac, (0= n)lr, - ny)}dir,. (2.17)
Ly

Now, choose any set F' that is closed in R® and contained in €. Since Imx4 > 0 and the distance between
F and the compact set I'y := 89, is positive, it is clear that Ex*|T'y and E':‘,Lmr are bounded on Ty,
uniformly for x € F. Thus, by applying the Cauchy-Schwarz inequality to (2.17) and using the boundedness
of Ag, in Ly(T'y), we find that

w
sup [p(x) — pn ()] € L0, (T e + call Axy 312 = o)l luaryy - form > NV,
x€F
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wherein c¢; and ¢ depend upon only F and k4. The compactness of the Sobolev restricted-trace map
v v|p, from H! into Ly(T';) and the weak convergence of (u,)S% » to u in H! then imply that the first
assertion of the Proposition is true for &« = (0,0,0). The proof for any other 3-index « can obviously be
carried through in an entirely analogous manner, since the corresponding partial derivatives can be computed
by differentiation under the integral in (2.14) and (2.16). The final assertion, concerning the convergence of
the far-field patterns, is established just as easily, by similar reasoning based on (2.15). N

In the applications of Proposition 2.1 that are pertinent to the present setting, we shall even have
available the norm-convergence of (u,)32 » to uin H! (cf. Theorem 4.1, infra), not merely weak convergence;
assuming some additional regularity for T’y , we can sketch the proof of a correspondingly stronger result for
the convergence of the sequence ()% to ¢:

Proposition 2.2. Retaining the setting and notation of Proposition 2.1, suppose now also that Q_UQ, is
of type R37, while (u,)3 5 converges to u in the norm of H'. Then ¢ and the sequence ()3 lie in
H}.(Q4), with lim, 0 ¢n = ¢ in the locally convex topology of that space. Moreover, ¢ and the sequence
(pn)22y lie in CO'%(§+), and lim, .., ¢, = ¢ in that Banach space (so, in particular, the convergence is
uniform on Q).

Proof: Now, we know, by Lemma 2.1, that (un|p, -ny);2 5 converges to ulp, -ny in the norm of H3(Ty).
We recall the definition of the double-layer potential-operator (restricted to Qi) f — WT +{ f} on Lo(T'y)
(supra), and now define the single-layer potential-operator (restricted to Q4) f+— Vit {f} on La(T'y) by

V:;{f}(x) = / Extfdir, for x € Q.
Ty

We have sufficient regularity of I'y to ensure that, according to Ref. 10, A« |H%(I'y) maps H*(T',) bound-
edly into H %(F+), and, by Theorem 2.16 of Ref. 13, that the double-layer potential-operator is bounded from
H3(Ty) into H? (), while the single-layer potential-operator is bounded from H3(Ty) into HE (Q4).
Combining all of these facts, in view of (2.14) and (2.16) it follows that ¢ and (p,)3% y are contained in
H .(Q4), with lim, . ¢ = ¢ in that space (cf. (2.17)). Directly, the Sobolev Imbedding Theorem (The-
orem 5.4, Part I, of Ref.9) allows us to assert that, for any bounded open set Q C Q4, ¢|Q and the ¢,|Q
are elements of C’O’%(ﬁ), with the convergence limy, .o ¢n|Q = |2 in the norm of the latter Banach space.
Taking Q to be the intersection of €4 with, say, a ball of sufficiently large radius, and accounting for the
results of Proposition 2.1 concerning the uniform convergence of the ¢, and their partial derivatives to ¢ and
its partial derivatives in the exterior of the ball, we see that the ¢,, and ¢ lie in the Banach space CO'%(?L.),
and lim,_, o ¢¥n = ¢ in the norm of that space. R

Returning to the general setting, we shall study the purely interior problem by setting up and analyzing
a weak version of it; this will also lead back in a natural manner to weak formulations for the original
problems (Pp) and (P). Regularity results for solutions of the weakly formulated interior problem would
then allow us subsequently to return to the strong setting. As usual, the weak formulation arises from (2.9),

written in the form

/ {A3 ,u+ oow?u +1£,} - Vdiz + / {&x (0, ¥v) — oow?u - ¥} d)s
o Q,

= / T"[u] - ¥|p, dAr, +/ f, - VdaAs for u € H? and v € H! (2.18)
2,

o
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(with f, € H®). Now, if u is a strong solution of the purely interior problem for (Py), as in Definition 2.2,
then we must have

/{; {Ex,u(1,¥) ~ g,w?u -V} dAz + Q+C_2'_I€i_ L (Ax, (ulp, -n4))¥|r, -ny dip,

+

= </1: {t+ - (7+ - iw){soth‘_}. - AN+<me+}n+} ) VIF+ d/\l"+ + /1“ t_ 'V[F— d/\[‘_
+ .

+/ f,-Vd\z  whenever ve H'.  (2.19)
This leads us to define the sesquilinear form o, (-, -) on H! according to

ou(u,v) = /ﬂ {&xap(u,¥v) — oow?u -v}idiz + 9+63’K2+/I: (A,C_‘_(ul[‘_‘_ ~n+))'\7|p+ ‘ny dir,,

+

for u,v € H', (2.20)

and, corresponding to selected functions f,, t,, and ¢* as in Terminology 2.1, the conjugate-linear functional
A, on H! by

va = / {t+ _ (’y+ - iw){(lep+ - A,;+<pﬁn+}n+} ‘VII‘+ dA[‘_i_ +/ t_ 'le__ d/\p_
Ty r

+/ f, - Vdls, for each v € H!. (2.21)
o

o

Then (2.19) is written concisely as o,(u,v) = A, v for v € H!; the weak formulation of the purely interior
problem corresponding to (Pg) shall be set up on the basis of this equality.

It is also convenient to identify a linear manifold comprising complex amplitudes of weak nonradiating
modes, proceeding from (2.18). If u, € N3, ,, then (2.18) shows that

/ {&x u(ue,¥) — pow?uy, - V}dAz =0 for every v € HY, (2.22)
Qo

while u,, also lies in the subspace H(1)n+ given by
Hj,, :=={ueH |ulp, -n; =0} (2.23)

(the closure in H! of the collection of all u € C*(,) such that u|r, -ny = 0). With this, we define the
linear manifold A, in H! by setting

Miow = {1 € Hgy, | (2:22) holds }. (2.24)

Then Némw - Nflzmw. At least under sufficiently strong hypotheses of smoothness for I',, we shall also have
N, . € H?, whence it shall follow that N3, = M, . For example, in the extreme case in which Q,
is of type R°°, we shall have N w C C*®(Q,); cf. Ref.14. Proceeding as we did for .N'ﬂ w» we denote by
(MR, )1 the orthogonal complement of g, ., taken with respect to H®, and introduce MQ w C H' by

M, o = NS, ) NHY; (2.25)

./\/iﬂ is a closed linear manifold (subspace) in H!. We shall show later that Nn w 1s finite- dimensional,
and so also closed in both H® and HY. Once this is known, just as before (cf. (2.5) and (2.6)) it will follow
that the direct-sum decompositions

=Nh, W ® (ML, ) (2.26)
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and

=N§, o +Mb,,, with Ni ,NMG, , ={0} (2.27)

are valid (of which the first is orthogonal). We still have the interior regularity result asserting that the
elements of .N}llmw have real and imaginary parts that are real-analytic in Q,, so (1.27) holds in the classical
sense in €, for each u, € V.

As already tacitly noted in Proposition 2.1, for the construction of the unique ¢ € W(§24; £4) satisfying
(2.13), we need know only that u € H!. This affords a simple means for providing weak formulations for both
(Po) and (P), based upon that for the purely interior problem for (Pg). Precisely, the weak formulations
are given in

Definition 2.3. Recall Terminology 2.1. The function u is a weak solution of the purely interior problem
corresponding to (Po(fo,to, <p‘)) iffue M}h,w and

ou(u,v)=A,v  for every v € H', (2.28)

with the sesquilinear form o,, and the conjugate-linear functional A, defined by (2.20) and (2.21), respec-
tively. If u is a weak solution of the purely interior problem corresponding to (Po(fo, t,, <p‘)) and ¢ is the
corresponding unique element of W(Q,; k4.) such that (2.13) holds, then the pair (u, ¢) is termed a weak
solution of (Pa(f,,t,,¢")). Suppose further that the integral in (2.7) exists for every u, € Némw, and it

is known that N, has finite dimension n, > 0; if ny, > 1, let {u('7 ) "« be an H'-orthonormal basis for
Ng, - Then (u, ) is termed a weak solution of (P(fo,to,go F? T")) 1ﬁ' u can be written as in (2.8) and
(ug, <p) is a weak solution of (Po(£,, to, ¢")).

Observe here that, for (Py), the requirement u € -Msl‘zo,w constitutes a weak form of (1.35), while, for
(P), the condition that u have the form in (2.8) provides a weak realization of (1.36).

According to Terminology 2.1, we have been supposing that the piece of data t, is in Ly(T,); one
can relax this requirement by positing instead the inclusion t, € H’%(Fo), provided that appropriate
modification is made in the definition of A, in (2.21), viz., that the sum of the terms involving t and t_ be
replaced by the more general expression (t,, VII‘O)%’ involving the duality pairing for Hli(l‘o). The resultant
conjugate-linear functional A,, is again bounded on H!, and the analysis of §4 can be carried through, mutatis
mutandis. For simplicity, we shall continue to suppose that t, € Lo(T,).

1t is clear that a weak solution of the purely interior problem corresponding to (Po) that is also known to
possess some additional regularity will be a strong solution of the purely interior problem for (Pg). For, if u
satisfies the requirements placed on a weak solution of the purely interior problem for (Po) in Definition 2.3
and also lies in H?, then u € M3  (since the inclusion N3 , C N , implies that (N3 S C
(M3, o)), while (2 18) and (2.28) (z e., (2.19)) together imply that

[Afut ew’n £} -Vt [ T[] Flr, dir,
Q, .

{—erchr} (Ary(ulny - np))ng + 64 — (74 — w){@' ey — Auy@in, It} - ¥r, diry
Ty .

+/ t_ - V|p_dAr_ for every v € H!. (2.29)
r-
Since the equality in (2.29) must hold, in particular, for every v € C3°(£2,), (1.24) follows (a.e. in Q,); with

the simplified form then taken on by (2.29), we conclude that (2.12) and (1.26) are true (a.e.on I'y and I'_,
respectively). Thus, such a u has all of the properties demanded of a strong solution of the purely interior
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problem in Definition 2.2, and, moreover, leads directly to the strong solution for (Pg) itself (as described
in the remarks following Definition 2.2) and to the strong solution for (P) (as in Definition 2.1). Observe
that we do not need to know here whether A}, and NZ , coincide.

3. VARIATIONAL PROBLEMS INVOLVING A DEFINITE FORM WITH A COMPACT
PERTURBATION; THE GALERKIN METHOD

For the analysis of the weak formulation of the purely interior problem, we require some facts about
problems posed “in variational form;” in particular, for the construction of a convergent approximation
scheme, we shall use results of Hildebrandt and Wienholtz [6] concerning the Galerkin method.

Throughout this section, (H,{-,-)y) denotes a separable complex Hilbert space, o(-,-) a bounded
sesquilinear form on H, and A a bounded conjugate-linear functional on H. We are interested in studying
the solvability of the problem

find f € H satisfying o(f,h) = Ah forallh € H, (3.1)

and in establishing a viable and convergent scheme for the approximation of a solution (when at least one
exists), under certain hypotheses on the form o. Of course, we know that there are uniquely determined a
bounded linear operator 7, on H and an element g, of H such that

a(g,h) = (T0g, h)y forallg,he H (3.2)
and
Ah=(g\,h)y  forall h € H, (3.3)

so that (3.1) is equivalent to the operator problem
find f € H satisfying Tof = gu. (3.4)

The latter equivalence is useful for examining the solvability of (3.1), but we prefer not to base the com-
putations of a numerical scheme upon the availability of explicit analytical forms for 7, and g, since such
formulae may be difficult to deduce.

By N(L) we mean the null space of the operator or functional L. Nj(o) is the subspace of H defined
by
Ni(o):={g€ H|o(g,h)=0 forallhe H}

(throughout, a subspace of a Hilbert space is defined to be a linear manifold that is closed in that Hilbert
space). The (bounded) sesquilinear form o*(-,-) adjoint to o is defined by

o*(g,h) :=o(h,g) forg,h€H,;

o* is represented by T, the (Hilbert-space) adjoint of T,, in the same way that o is represented by 7.
Corresponding to the adjoint form, we have

Ni(c*):={gec H|o*(g,h)=0 forallhe H}={g€ H|o(h,g)=0 forallhe H}.
With (3.2), it is easy to check that Ni(o) = M(T,) and Ni(0*) = N(T7).

Invariably, we assume that o(,) is of the form §(-,-) 4 &(:,-), in which the sesquilinear forms é and &
are bounded on H, with § definite and x compact. By the requirement of definiteness for §, we mean that
there exists ¢s > 0 such that

16(9,9)] > esllgllyy  for all g € H; (3.5)
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by the requirement of compactness for &, we demand that whenever g and h are elements of H and (9n)0
and (hn)S%, are sequences in H converging weakly to g and h, respectively, then (x(gy, h,,)):o=0 converges
in C to (g, k). Of course, a compact form is necessarily bounded. For the uniquely determined bounded
linear operators T5 and T, on H such that

6(g9,h) = (Ts9,h)y  and  k(g,h) = (Txg,h)y  forallg,h € H, (3.6)

we know then that Ty is definite (|(T5g,9) | > csllgll% for all g € H) and T is compact (since ||T f||% =
k(f, T f) for f € H and the boundedness of Ty certainly implies that it maps weakly convergent sequences
into weakly convergent sequences). Under these hypotheses, the solvability of the problem (3.1) is completely
characterized by the Fredholm Theorems that are available for it in the form of the following statement (for
clarity, it is desirable to provide a proof of these facts showing that their validity depends on only the
form hypothesized for o, and is independent of the considerations involved in establishing an approximation
scheme; cf. Ref. 6).

Theorem 3.1. Let the sesquilinear form ¢ on H be the sum é + k of bounded sesquilinear forms, with §
definite and k compact.

(¢) The dimensions of Ni(o) and N;(o*) are finite and equal.

(é¢) If A is a bounded conjugate-linear functional on H, then there exists some fy € H such that
o(fo,h)=Ah  forallh€ H 3.7
iff the (“solvability”) condition
Ni(c*) C N(A) (3.8)

obtains, in which case the collection of all solutions of (3.1) is given by fo + N1(o). Consequently, there
exists a unique solution of (3.1) iff N1(c) = {0} (or, equivalently, iff N1(a*) = {0}).

(¢é1) Let M be a subspace of H that is complementary to N1(c), i.e., such that
Ni(e)NM ={0} and H = Ni(c)+ M. (3.9)

Then, whenever A is a bounded conjugate-linear functional on H such that (3.8) holds, there exists
precisely one corresponding faq € M for which

o(fam,h)=Ah  for allh € H; (3.10)

moreover, there exists M > 0 with the property that, for all such A

I fanller < MIA| (3.11)

(with ||A|| denoting the norm of A).

Proof: Adhering to the notation already introduced, we have T, = T5 +T, with Ts definite and T, compact.
It is easy to see that the bounded operator T is bijective. Indeed, the inequality [(Tsg,9)g| > csllgll%,
holding for all ¢ € H, gives ||T59||g > csl|gl|g for all g, whence we conclude that T is injective and has
closed range R(T5s) (as well as bounded inverse on R(T5) into H). Clearly, the same reasoning can be effected
for Tf. Thus, R(T5) = N(T})t = H (and R(T}) = N(T5)* = H), proving the claim. Now we can write,
e.g., T, =Ts(I+ Té_lT,c) and argue in the well-known manner, from the validity of the Fredholm Theorems
for a perturbation of the identity by a compact operator, to conclude that those same statements are valid
for T,. Having secured this, all of the assertions of the theorem follow from (3.2) and the equivalence of
(3.1) and (3.4). Thus, (i) holds, in view of the equalities N1(o) = N(T) and Ni(0*) = N(T;). Further,
there exists fo € H such that (3.7) is true iff T, fo = g, (cf. (3.3)), iff g, € NM(T3)t = Ni(o*)*, iff
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Ah = (gp,h) gy = 0 for all h € Ni(c*), iff (3.8) holds. This proves (ii), the final assertions concerning the
collection of all solutions of (3.1) and the existence of a unique solution now being obviously true. Finally,
for (i), let fo € H satisfy (3.7), wherein A is a bounded conjugate-linear functional on H satisfying (3.8)
(such an fy existing by (é¢)). Writing fo = fi + faa, With fi € Ni(0) and fy o4 € M, then (3.10) clearly
holds, and f, o4 is the unique element of M satisfying (3.10) since M NN;(o) = {0}. This reasoning implies
that the bounded operator T, |M (the restriction of T, to M) maps the subspace M bijectively onto the
subspace N;(0*)+ = NM(T#)1, and so has bounded inverse defined on the latter. With M denoting the norm
of this inverse, since T, fy oy = g4, inequality (3.11) follows upon noting that ||g,/lz = [|A]l. N

For the construction of approximations to solutions of the problem (3.1), we first consider the special
case in which Nj(o) is the trivial subspace, then treat the general case in which A;(o) may be nontrivial,
under an additional hypothesis on ¢ (that will in fact obtain in our subsequent application of the Galerkin
method).

Theorem 3.2. Let the sesquilinear form o on H be the sum § + k of bounded sesquilinear forms, with é
definite and & compact. Suppose further that N1{c) = {0}. Let A be a bounded conjugate-linear functional
on H, and denote the associated unique solution of (3.1) by f,. Then f, can be convergently approximated
in the norm of H by the Galerkin method for (3.1), by using as coérdinate functions any family that is linearly
independent and complete in H. That is, suppose that {h,}3%., is linearly independent and complete in H.
Then there exists a positive integer N such that for n > N the system

n

> olhi, ke = Ak, 1=1,...,n, (3.12)
k=1

possesses a unique solution (f,(cn))z___l and the resultant sequence (f, := Y p_; f,(c")hk);l”:N converges to f,
in the norm of H. In fact, there exists a positive ¢ that is independent of A and such that

[1fa = falle < cf'gg [fa — flla forn > N, (3.13)

in which Hy, is the linear span of {hy}}_;.

Proof: Retrace the reasoning adduced in the proofs of Theorem 1 and Remark 3° of Ref. 6, mutatis mutand:s,
replacing the “bilinear” form B and linear functional L of Ref.6 with the sesquilinear form o and conjugate-
linear functional A, and accounting for the minor difference between the form of the variational problem given
in Eq. (1) of Ref.6 and that of (3.1). The error inequality (3.13) results from an inspection of the proof of
Theorem 1 of Ref. 6. We have written “bilinear” here in referring to the form B of Ref. 6 because there seems
to be some confusion in terminology, so one must take some care in working through the developments of
Ref. 6. Evidently a complex Hilbert space is considered there, while the form B, hypothesized as “bilinear,”
seems to be treated as sesquilinear in all of the reasoning subsequent to the proof of Theorem 1 of Ref. 6. It
is possible that the term “bilinearity” in Ref. 6 is actually used to indicate the property that is more properly
designated “sesquilinearity”; if this is so, then there has been omitted a sign of complex conjugation in Eq. (3)
of Ref.6. With the latter change, one can read Ref.6 with the term “bilinear” replaced by “sesquilinear”
throughout. B

When N (o) is nontrivial and the solvability condition (3.8) is fulfilled, Hildebrandt and Wienholtz [6]
base their method for approximating a solution of (3.1) upon application of the Galerkin method to the
“symmetrized” problem

find f'€H satisfying &(f',h)=Ah forall he H, (3.14)
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in which & is the (Hermitian-symmetric) form corresponding to T, T, given by &(g, k) := (T,Tg,h) g =
o(Trg, h). They show that the Galerkin method can be applied to the problem (3.14) to produce approxima-
tions converging to the unique solution of this problem that also lies in the subspace N'(T)t = N (T,T7)L;
if f} is this solution, then f := T} f is a solution of the original problem (3.1), unique to within an element
of N(T,). Although this scheme may be the best one available in the general case, it has some unattractive
features, e.g., one must know how to determine the action of Ty on the selected codrdinate functions. Of
course, a method based upon computation of values of the original form ¢ would be much preferred; in at
least one special case, viz., when Nj(¢) = N;(0*), such a method can be employed (note that this condition
is automatically satisfied if o is Hermitian symmetric). Still, for a complete resolution of the problem one
can evidently not escape the necessity for determining A;(c), although some information can be salvaged
without addressing the latter task; cf. the remarks following the proof of the next theorem.

As a preliminary, let us recall some terminology. Suppose that M is a subspace of H that is comple-
mentary to the subspace Nj(0¢), i.e., such that (3.9) holds. Then the linear operator Py, : H — H defined
by

Py h:=hy, wherein h=h;+ hy with hy € Ni(0), hp € M, foreach he H

is bounded and also a projection (i.e., satisfies Pz, = P,,), called the operator of projection onto M along
Ni(o). Obviously, N (P,,) = Ni(o), while I — P, is also a bounded projection operator, carrying H onto
Ni(o) (“along M”), with N(I — P,,) = M. Of course, P, is self-adjoint, i.e., an operator of orthogonal
projection, iff M = Nj(0)*.

Theorem 3.3. Let the sesquilinear form o on H be the sum 8§ + k of bounded sesquilinear forms, with §
definite and k compact, and suppose that the equality

NM(o) = Ni(o7) (3.15)

is known to hold. Let M be a subspace of H that is complementary to N1(c), as in (3.9), and denote by P,, -
the operator of projection onto M along Ni(c). Suppose that A is a bounded conjugate-linear functional
on H for which the solvability condition (3.8) is valid. Then the unique f, 4 € M satisfying (3.10) can be
convergently approximated in the norm of H by use of the Galerkin method applied to the form o. More
precisely, let {h,}32, be a family in H such that {Pyh,}3, is linearly independent and complete in the
Hilbert space (M, {-,-)g). Then there exists N such that for n > N the system (3.12) possesses a unique

solution (£{)7_,, and the resultant sequence (fn := Y p_, €™ Py ki) converges to fupy in the norm
of H. In fact, there exists a positive ¢ independent of A and such that

[farm = falla < Cfe}i,ifHu 1farm — flla forn> N, (3.16)

with H, denoting the linear span of {hy}3_;.

Proof: As noted in the statement of the Theorem, (M, (-, -} y) is a Hilbert space, since M is assumed to be
closed in H. With o, and A, denoting, respectively, the restrictions of o to M x M and A to M, consider

Ni(opg) ={g€EM|op(9,h)=0 forallhe M}
Suppose that g € N1(o,,): then we compute
a(g,h) = o(g, Psyh+ (I — Pyy)h) = o(g,(I — Pyy)h) =0 forall h € H,

since (I — Py )k € Ni(s) = Ni(e*), by (3.15). Thus, g € M N Ni(o) = {0}, and so Ni(o,,) is the
trivial subspace. Consequently, it is clear that all of the required hypotheses are fulfilled so that we can
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apply Theorem 3.1(i7) and Theorem 3.2, with H, &, and A replaced there by (M, (-, Yu)s O, and Ay,
respectively. We conclude first that there is a unique solution of the problem

find f €M such that o, (f,h)=A\h forallhe M;

this unique solution clearly coincides with the unique element fam € M satisfying (3.10), since the latter
holds, in particular, for every h € M. Further, according to Theorem 3.2 and the given properties of the
family {h,}52,, there exists N such that for n > N, the system

n
> oam(Ppshic, Prht)ex = ApgPoghs,  1=1,...,n, (8.17)
k=1

has a unique solution (Ek ))k 1» and the resultant sequence (f, := 3 ;_ lf(n)Pth) _n converges to fy ay
in the norm of M, i.e., in the norm of H. But, because of (3.15) and (3.8), we find that

o pm(Ppgh, Paghi) = o ((I = Pu)hy + Paghi, (I — Pahi + Pyghi))= o(h, by),  k1=1,2,3,...,

and

ApPpihi = A((I — Pyy)hi + Ppghi) = Ahy, 1=1,2,3,...,

so the system (3.17) coincides with the system (3.12). Finally, the error estimate (3.16) follows from (3.13). W

We conclude this section with a remark that will be important for the application of Theorem 3.3
that we have in mind, if we should content ourselves in the original fluid-elastic interaction problem with
the approx1matlon of the fluid field alone. Mamtalmng the setting and notation of this Theorem, suppose
that H is some normed linear space, L : H — H is a bounded linear operator, and we are interested in
approximating L f, o, in the norm of H. If it should be the case that

Ni(o) C N(L), (3.18)
then obviously
Lfn=3 &M LPyhy =3 €MLhy, forn>N, (3.19)
= k=1

while the sequence (Lf,,)n ~n converges to Lf, ., in the norm of H. In our application, we shall have
H=H'0=0, H=H*{I,), and L given by u u|r, -ny, for u € H! (cf. Lemma 2.1), choices for
which (3.15) and (3.18) shall be shown to hold. The point here is that when (3.15) and (3.18) are fulfilled, we
can convergently approximate L f, o, with very little explicit information about the subspace N (o), clearly
a desirable feature. Indeed, we need only ensure that our choice of codrdinate family {h,}2>, is such that
{Prhn}3, is linearly independent (i.e., has the property that the only linear combination of a finite number
of elements of {h,}52; that belongs to A1{c) is the trivial linear combination, with all coefficients zero) and
complete in (M, (-, -)g); in the later application, we will even know that the required completeness property
follows once we have selected a family {h,}52; that is complete in H itself (cf. Lemma 4.3, infra). Then,
according to (3.12) and (3.19), the computations necessary to construct approximations converging in H to
L fapq can be accomplished without further regard for the exact nature of A1(o). In general, however, for the
computation of approximations converging in H to fj 4 itself (which will correspond in our application to
the approximation of the elastic-field portion of the solution of the interaction problem), evidently we cannot
avoid confronting the difficult and expensive eigenvalue problem that must be solved to identify A;(c) and
so determine how to compute the action of the projection operator P,,. Of course, if we were to know by
some other reasoning that A (¢) = {0} (which will correspond in the upcoming application to Mg, = {0}),
then these difficulties disappear.
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4. SOLVABILITY AND APPROXIMATION-OF-SOLUTION RESULTS FOR THE WEAK
PROBLEMS

In §2, we specified how a solution of the weak version of (P) is to be obtained from a weak solution
of the purely interior problem corresponding to (Pg) with data derived from that of (P). Thus, we study
exclusively the weak form of the interior problem corresponding to (Pp). Our first goal in this section is
a description of the state of affairs concerning the solvability of the latter problem and the applicability of
the Galerkin method for the generation of a sequence converging to the unique solution when the problem
is uniquely solvable. We are restricting our considerations here, as in §2, to the case in which t, € Ly(T,),
although the statement and proof of the following Theorem 4.1 can be modified in an obvious fashion to
permit the weaker hypothesis t, € H=3(T,).

Theorem 4.1. Recall the regularity conditions placed on Q,, the conditions Reky > 0 and Imky > 0
fulfilled by k.., and the restrictions A > 0, p > 0 imposed upon the Lamé parameters.

(i) The dimension of the linear manifold N}, is finite. In particular, Ng_, is closed in both H® and
H!, and we have the direct-sum decompositions given in (2.26) and (2.27). Thus, there is defined the
(bounded) operator Ppq: : H! — H! of projection onto the subspace M})mw along Némw.

(1) There exists a weak solution of the purely interior problem corresponding to (Po(f,,to,¢")), as in
Definition 2.3, iff the associated conjugate-linear functional A,, on H' vanishes on N},_,, i.e., iff

/ (t+—(t+ -n+)n+) 'ﬁwlr‘+ dAI‘_f. +/ t_ '—llwll"_ dA[‘_ +/ fo 'il_w d/\3:0
Ty r_ ,

for every u, € Nj_ - (4.1)

When this condition holds, there exists precisely one weak solution u (€ M(120,w) for that problem; the
H'-norm of this solution has the bound given by

llulla: < MljAull < M {llfollu0 FltollLacr) + v+ — wl(lle’ Iy Mo,y + 114x Ml ||$0fn+||L2(r+))} ,
(4.2)
for some positive M that is independent of the particular set of data {f,, t,, ¢’} chosen as in Terminol-
ogy 2.1 and satisfying (4.1); here, ||A,|| is the norm of A, as an element of the anti-dual of H!, while
|[Ax,|| is the norm of Ax, acting in La(T'y).

(éii) Suppose that the solvability condition (4.1) holds. Then the unique weak solution u of the purely
interior problem corresponding to (Po(fo,to,go‘)) can be convergently approximated in the norm of
H' by using the Galerkin method. More precisely, suppose that {w,}%, is a family in H! such that
{Papm1wy, }32, is linearly independent and complete in the subspace M.%Zo,w of H'; here, completeness
of {w,}3>, in H* will suffice to imply the completeness of { Payiwn}or, in Mg, . Then there exists
a positive integer N such that for n > N, the system

n
Za'w(wk,wl)fk:Awwl, l= 1,...,71,, (43)
k=1 :

possesses a unique solution (f,(cn))zzl, and the resultant sequence (un := Y p_,; f,(cn)Plek);'f:N con-

verges to u in the norm of H!. Moreover, the sequence (u,|r, -n4)5 5 converges to ulr, -ny in the
1 .
norm of Hz(I'}); since

Upr, -ny = Zﬁ;(c")wﬂn ‘my  forn >N, (4.9)
k=1
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it follows, in view of the form of the systems in (4.3), that this sequence can be constructed even in
the absence of explicit information concerning the subspace N}‘mw and the operator Paq1. Finally, the
following error bounds hold for n > N, c and ¢’ denoting positive numbers that are independent of the
particular set of data {f,,t,, '} chosen as in Terminology 2.1 and satisfying (4.1):

= vl S inf -l = Vi,

and

" inf |lu—v]|a:,

”(u - un)ll‘+ ’ n+”H%(F+) Le VEP, AW,

wherein W, denotes the linear span of {wy}7_;.

Concerning the operator Paq1, let us interject here an explanatory note: since Ns]i.,,w C H!, it is clear that
the operator on H® of orthogonal projection onto (.)V}llo,w)(i)" carries the linear manifold of elements in H*
into itself; in view of (2.25) and (2.27), the restriction of this H’-orthogonal projection operator to the linear
manifold of elements in H!, when regarded as acting in H?, is just the (nonorthogonal projection) operator
that we have denoted by Puq1.

We shall make some remarks on the statements of Theorem 4.1, supposing that it has been proven.
Assuming that the solvability condition (4.1) is fulfilled, it is asserted that there is a unique weak solution
u of the purely interior problem for (Py), and a method is provided for constructing a sequence converging
to this solution in H!. To actually base a computation on this method, we must employ a family {wp}32,
for which the corresponding family of projections {Py1w,, }32; is linearly independent and complete in the
subspace M ho’w of H'. Once we have secured such a family {w, }$%,, the numerical solution of the systems
in (4.3) requires no further knowledge about the subspace Njj_,, but evidently we cannot avoid having to
find the projections Paqiw, for n =1,2,3,..., if we insist on approximating the weak solution u itself, i.e.,
if we wish to compute the u, for n > N. However, a further implication of the Theorem is that we shall be
able to approximate convergently in H%(I‘+) the normal component u|r, -ng of the restricted trace of u, i.e.,
that we can compute the u,|r, - nj, without troubling to find those projections. In turn, we shall be able
to approximate the function ¢ € W(Qy; k4 ) satisfying (2.13), the fluid-field portion of the weak solution of
(P) itself, by using Proposition 2.1 (cf. (2.16)). Consequently, we shall be able to calculate approximations
to the fluid-field portion of the fluid-elastic interaction with little information about the possible complex
amplitudes of nonradiating modes for ©, and w. It suffices to ensure that our chosen family {w,}3%, is, say,
complete in H! and such that {Pprw, }32, is linearly independent, i.e., such that any linear combination
of a finite number of elements chosen from {w,};2, that lies in Nj_, is necessarily the trivial combination
with all coefficients equal to zero (cf. Lemma 4.4, infra). We shall remark later, in Proposition 4.1, on the
selection of codrdinate functions fulfilling this latter requirement.

The proof of Theorem 4.1 will be carried out by checking that we can apply to the present setting the
abstract developments of the preceding §3; this will be facilitated by the establishment or citation of certain
preliminary results, to which we proceed. The first statement is termed “the coercivity of strains” by Necas
and Hlavacek [8], but is more commonly known as “Korn’s second inequality” (cf., e.g., Fichera [14]).

Lemma 4.1. Recall that Q, is assumed to be a Lipschitz domain. There exists a positive number c,,
depending upon only Q,, such that

/ {ejx[VIgja[V] + v - ¥} dAs > ooV for every v € H'. (4.5)
Qo

Proof: The statement is proven in Theorem 3.4 of Ref. 8 for the case in which the underlying Sobolev space
comprises R3-valued functions. But it is clear that this also suffices to cover the present situation, in which the
elements of H! are C3-valued, since we have, for v € H!, the equalities ¢;¢[v]e;x[V] = £;x[Re v]ejk[Re v] +
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gie[Imvleje[Imv] and |[v||4. = ||Rev|}, + [Imv||%, for £ = 0,1. Alternately, one can appeal to the
reasoning in Ref. 14, carried out under the assumption that the domain €, satisfies merely a “restricted cone
hypothesis” (and again for R3-valued functions). W

For the sesquilinear form o, defined on H! by (2.20), the associated “linear manifolds of degeneracy”
Ni(ow) and Ni(o7,) in H! are defined as in §3. Recall the definition (2.24) of the linear manifold Vj; , of
complex amplitudes of weak nonradiating modes in H!.

Lemma 4.2. N}, = Ni(ou) = Mi(o2).

Proof: Let u, € Ni(o0,), so that u, € H! and o, (u,,v) = 0 for every v € H!. In particular, o, (u,,u,) =
0, and this implies, in turn, from (2.20), that

Im (k3 Ay, (uolr, -n3),v0lr, - n4) Ly ry,) = 0. (4.6)

By (2.1), we must have u,|r, -n4 = 0, so that u, belongs to H})n+ (cf. (2.23)). But then (2.22) is true,
as well (cf. the form of o, in (2.20)), whence the inclusion u, € N}_,, results. Thus, Mi(ow) C Mg, .
The reversed inclusion obviously holds, so Ny (0w) = Mg, - Similarly, the assumption u, € Ni(oy), ie.,
u, € H! and 0,,(v,u,) = 0 for every v € H!, leads again to (4.6), from which the reasoning can be carried
through as before, with trivial modifications, to arrive at the equality N (o%) = N§,_ ,,, in view of the fact
that the first integral appearing in the definition of &, generates an Hermitian-symmetric form on H:. N

Lemma 4.3. If {w,}32, is a family complete in H!, then the corresponding collection {Pp1w,}5%, is
complete in the Hilbert space (M}-,o’w, (-, ")), wherein Ppq: : H* — H! denotes the operator of projection
onto M}‘Lo,w along N§_ .

The statement of Lemma 4.3 anticipates the fact that H! has the direct-sum decomposition given in
(2.27). Therefore, we choose to defer the proof of this Lemma until after we have established that A, is
finite-dimensional in the course of the proof of Theorem 4.1 (without using Lemma 4.3!).

Proof of Theorem 4.1: At the outset, we observe that the sesquilinear form o, and the conjugate-linear
functional A, are obviously bounded on H!. We wish to show that o, can be written as the sum of a definite
form and a compact form, i.e., that it satisfies the fundamental hypothesis required in the developments of
§3. To this end, let us define the sesquilinear forms é(-,-) and &, (-,-) on H! by setting

b(u,v) = / {&x,u(0,¥) + 2pu -V} dAs
Q.
for u, v e HL.
Ke(u,v) = —(2p + gow2)/ u-vdiz+ g+c_2|_rci/ (Ax, (ulr, ‘n4))¥|r, -nydip,
r

o +

Clearly, 0, = 6 + k,,. The definiteness of (the Hermitian-symmetric form) é follows from Lemma 4.1, upon
recalling that A > 0 and g > O, for, we can write

8(v,v) = /Q {Merr[V]2 + 2pejk[V]es[V] + 2puv - ¥} dAs > 2/1/ {gjk[V]eix[V] + v -V} dAz

> 2ue,||vilF for v e H. (4.7

The compactness of «,, is a simple consequence of the compactness of both the natural injection map carrying
H! into H® and the operator v = v|p, -n4 taking H' into Ly(T'y) (for the latter, cf. Lemma 2.1(%)), coupled
with the boundedness of A, on La(I'y). We remark that the compactness of A, is not needed here, but
could have been used to produce the same conclusion if we knew only that v — v|r_ -ny is bounded from
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H! into Ly(Ty). Thus, we can apply Theorem 3.1. By doing so, we find first, from statement (7) of that
Theorem, that

dim NG, = dimN(0,) = dim Ny (0}) < oo, (4.8)

having also used Lemma 4.2 to get the first equality here. Moreover, by Theorem 3.1(47), there exists some
u € H' satisfying (2.28) iff V1(o,) C N(AL), or, again by Lemma 4.2, iff N, » € N(Ay), an inclusion that
1s equivalent to the explicit condition given in (4.1), in view of the definitions in (2.21), (2.23), and (2.24).

Now we know, in particular, that M}, is closed in H (and in H?), so (2.26) holds, whence (2.27) follows:

My, ., is a subspace of H! that is complementary to AV (0w) (=N4, ,,)- By the direct-sum decomposition of
(2. 27) there is induced the (bounded) projection operator Py of H! onto Mg, , along g, (= Ni(ow)).

Taking M = Mn w 1n Theorem 3.1(¢i7), we can assert, when (4.1) obtains, that there exists precisely one
u e M} Q. that fulfills the requirement (2.28), and so provides the unique weak solution of the purely
interior problem corresponding to (Pg); (3.11) implies that the H!-norm of this element has the bound given
in (4.2) (with M independent of the data generating A, ), since it is easy to see from (2.21) that ||A, ||, the
norm of A, as an element of the anti-dual of H', is less than the number in brackets on the right in (4.2).
This completes the proof of (i) and ().

To establish (#44), in which we are given that (4.1) holds, we denote by u € My, , the unique weak
solution of the purely interior problem for (Pp). We wish to invoke Theorem 3.3, making the obvious
identifications H = H!, ¢ = 0, M = M}Zo,w’ etc; this is permissible by the facts discovered in the proof of
(¢) and (4i) and by Lemma 4.2 (giving (3.15)). With the additional use of Lemma 4.3, all of the conclusions
of (ii7) now follow lmmedlately For example, the convergence of the sequence (un|p+ ng )%y toulr, -ny
in the norm of H% 7(I'+) results simply from the convergence of (u,)% ., to u in the norm of H! and the
boundedness of the operation v + v|r_-n4 on H' into H3 3(I'y) (Lemma 2.1(:)). The equalities of (4.4)
are true because (I — Ppq1)wy lies in N, for each k, so that wi|r, -ny = (Paowy)|r, - ny. Concerning
the error estimates displayed, the first is a direct result of (3.16), and the second follows from the first (by
Lemma 2.1(i7)). R

Finally, we give the

Proof of Lemma 4.3: Recall the Hermitian-symmetric sesquilinear form & defined on H! in the proof of
Theorem 4.1. Inequality (4.7) shows first that é(-,-) is an inner product on H', and then, when combined
with the boundedness of §, that the norms induced by é(-,-) and (-, )i on the complex linear space of
elements in H! are in fact equivalent:

2/10(,|[v||§Il <b(v,v) < cf,||v”f{1 for ve HY,

for some positive ¢,. By Hj, we denote the collection of elements in H* equipped with the inner product
6(-,+). Then H} is complete along with H!, and the two Hilbert spaces are isomorphic gua Banach spaces;
a family is complete in H' iff it is complete in H}. The linear manifold Mg, , is closed in Hj, since we
already know that it is closed in H'; a family is complete in the Hilbert space (M}IO,M (-, -ym1) iff that family
is complete in the Hilbert space (M}, ,,6(:,")).

Let us suppose, for the moment, that the inclusion
Mflio,w C (Nflla,w)(l)s (4.9)

has been shown to hold, wherein (/\/éoyw)(l)é indicates the orthogonal complement of Nfllo,w in H}, and
check that the claim of Lemma 4.3 follows therefrom. Thus, suppose that {w,}32; is a family complete
in H!; then it is also complete in H}. Let u be an element of M}lo’w that is 8-orthogonal to the family
{Plen} >, of projections:

(v, Pppwy,) =0 forn=1,2,3,... .
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Then, since (I — Ppmi)wn € N§_ , for n > 1, with (4.9) we get
8(u,w,) =0 forn=1,2,3,...,

and so conclude that u = 0. This shows that the collection {Pap:w,}3%, is complete in (M}, 8(-,-)),
whence it is also complete in (M}Zo,w’ (-, Ymr).

Therefore, for the completion of the proof, it is sufficient to verify (4.9). Then, let u € M}me, ie.,
by (2.25), let u € H! and fn u -4, dAz = 0 whenever u, € Néo,w' As a consequence, according to the
‘definition in (2.24), we must have

/ Exp(uy,@)drg = / {&x,4(00, T) — gowu, -T}dA3 =0  for every u, € ./V}l,mw. (4.10)
0, 2,

Clearly, then, 6(u,u,,) = 0 whenever u,, is in Nj}_,, implying that (4.9) is correct.

Before leaving the proof, we note parenthetically that equality actually obtains in (4.9):
Mb, = (W, ).

Indeed, if we suppose that u € (Némw)("')ﬁ i.e., that u € H! and
/ {&x p(uy, W) + 2pu, -u}drz =0 for every u,, € Nflzo,w,
Qo

then the latter equality together with the second equality in (4.10) show that fno v, - udhz = 0 for every
Uy €M wysou€ (NG, P NH =My . B

Let us return to the linear-independence question: we wish to know useful sufficient conditions on a
family {w,}32; C H'! under which we shall be certain that {Pap1wy, }32, is linearly independent. It is quite
simple to prove that this linear independence obtains for any such family that is itself linearly independent
and comprises piecewise-polynomials, as in the usual applications of the finite-element methods. We begin
by recording an obvious necessary and sufficient criterion for the linear independence of a collection of
projections {Paqiwy, 152 ;.

Lemma 4.4. Let {w,}52,; be a family in H' and Paq: the operator in H' of projection onto Mg, , along

Nfllo,w- Then { Ppq1w, }5%, is linearly independent iff for each positive integer N, the inclusion Zle apnWwy €
Sl)o,w for some {a,}_, C C implies that a; = --- = ay = 0. In particular, the linear independence of

{wn}5%, is necessary for the linear independence of { Payiwp }5% .

Proof: For the necessity, suppose that {Paqw,}52, is linearly independent, let N be a positive integer,

and let {a,}., be a complex set with Zﬁ;l anwn € Njj, - Then ZnNzl an Ppaiw, = 0, whence a; =

- = ay = 0, by the linear independence of the family of projections. In particular, the vanishing of

Zf:l anWn gives @y = -+ = ay = 0, so {wp}3, is linearly independent. For the sufficiency, let the
condition hold, and suppose that ) ,"_; a, Paq1 Wy, = 0, for some positive integer N and complex set {a. }_,.
Then Zle anWn € N3, so we must have a; = --- = ay = 0, implying that {Pruw,}3%; is linearly

independent. R

As usual, by a (C3-valued) polynomial in R3 we mean a function on R3 of the form x ZOSIaISK cox”,
for some nonnegative integer K and collection {ca}o<|aj<kx lying in C3; the standard notation x® :=
x5z is used here, for a 3-index o = (a1, a2,03) and an x € R3. A CB3-valued function w defined
As-a.e. in €, is said to be a piecewise-polynomial in Q, iff there exists a family {O; }}-’=1 of pairwise-disjoint
open subsets of 2, such that the complement €, \ U}'I:1 O; has A3-measure zero and each of the restrictions
w|0;, i =1,...,J, coincides in O; with some polynomial (perhaps depending upon j).
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Proposition 4.1. Let the family {w,}5%, lie in H', and suppose that each w,, is a piecewise-polynomial
in Q,. Then {Pp1w,}3%, is linearly independent iff {w,}°2, is linearly independent.

Proof: By Lemma 4.4, we need only demonstrate the sufficiency. Then, let {w,}32, be linearly independent.
Let N be a positive integer, {a,})\_; C C, and suppose that ZHN___I an W, € erz,,,w? according to Lemma 4.4,
we must show that a; = --- = ay = 0. Now, as already pointed out in §2, each element of N&o . has real-

analytic real and imaginary parts, and is a classical solution of (1.27), so ZN

n—1 @nWn has these properties.

Since each w, is a piecewise-polynomial in Q,, it is easy to see that we can find an open subset of €,
in which ZnN=1 a,wy coincides with a polynomial. Therefore, by the uniqueness theorem for real-analytic
functions (cf., e.g., Ref. 16), EnN___l a, Wy, must coincide with that polynomial throughout Q,. Consequently,
the sum must vanish in §2,, since (1.27) has no nontrivial polynomial solutions (because g,w? > 0). Now the
equality 22[:1 anwy = 0, coupled with the linear independence of {w,}5%,, implies the desired conclusion

ag=---=an=0. N

Lemma 4.3 and Proposition 4.1 imply that the computation of approximations to the fluid-field portion
of the unique weak solution of the fluid-elastic interaction problem (P) (corresponding to data fulfilling the
requisite solvability condition) can be carried out in complete ignorance of the dimension of N¢,_, if we select
the family {w,}32, of codrdinate functions to comprise piecewise-polynomials in Q,, taking care to ensure
only that the particular such family chosen is complete in H! and linearly independent. But the denseness
of H? in H' and standard results from the theoretical foundations of finite-element methods concerning
the interpolation of elements in H? by appropriate piecewise-polynomials in H! (cf., e.g., Theorem 8.2.2 of
Ref.17) show how to construct codrdinate families of piecewise-polynomials in 2, that are also complete in
H!. Of course, none of this helps in overcoming the difficulties involved in computing approximations to the
elastic part of the weak solution of the problem when either it is known that Nﬁo’w is nontrivial or there is
no a priori assurance that Nfllo,w = {0}.

5.0N THE DERIVATION OF THE INTERIOR AND EXTERIOR LIMITING-AMPLITUDE
CONDITIONS

This section is devoted to the promised motivation for accepting (1.34) and (1.36) as limiting-amplitude
conditions, i.e., under sufficiently stringent assumptions concerning the asymptotic approach to a time-
harmonic state, as conditions satisfied by the assumed-to-exist complex limiting amplitudes u and ¢ of the
(assumed-to-exist) solution (U, ®) of the fundamental initial-value problem governing the time-dependent
fluid-elastic interaction, as described in §1. Actually, the interior and exterior aspects can be treated essen-
tially separately; specifically, we shall provide the desired assertions in the form of two theorems, the first
concerning solutions of the damped-wave equation (1.10) (and providing a basis for taking the Sommerfeld
condition (1.34) as the appropriate limiting-amplitude condition for any boundary-value problem for (1.23),

with x4 as specified), the second involving solutions of the Navier equations (1.11).

Consistently, we shall denote by d;(x) the distance between a point x € R3 and I'y:

dy(x) :=dist(x, ') := ynelll“ri ly —x|.

For brevity, in this section we shall write ¢ and ¥ in place of ¢4 and 74, respectively.
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Theorem 5.1. Let Q; C R? be as specified in §1 and §2. Thus, 0, is connected and the complement of
the closure of a bounded and connected open set of type R?; as before, set 'y := 8Q4. Let ¢ > 0 andy € C,
with either ¥y = 0 or Rey > 0. Let & € C?(Q2; x R) satisfy

¥ 1 .
—AD+ 32_@,4 -+ 22—@,44 =0, in2y xR, (5.1)
and vanish in Q4 x (—o0,0): .
®(,t)=0 inQy fort<0. (5.2)

Suppose that, for some real positive w, ® can be written in the form
(-, t) = (-, ) + p(-)e ™1, in Q, for eacht € R, (5.3)

wherein ¢ € C1(Q4) and ®™ € C1(Q4 x R), with the latter fulfilling the following conditions of transience
and boundedness:
lim ®"(y,s) =0 whenever y € Q4 (5.4):

$—0Q

and, for certain positive numbers 6, and M,
lim ®],(y,s) =0 and lim grad®’(y,s)=0 ify €y and 0 < dy(y) < é,, (5.4)2
$—00 $—00

and

[®7(y, )| < M, |®(y,s)| <M, and [grad®'(y,s)| <M

fory € Qy with0 <dy(y) <6, ands>0. (5.5)

Then ¢ has real and imaginary parts that are real-analytic in Q. and satisfies both (1.23) and (1.34), wherein
the complex k4 = k4 (w;e,7) is computed as in (1.19) and (1.20).

We remark that (5.3) obviously implies that the hypothesized ®” must have more regularity than is indicated
by its inclusion in C1(Q24 x R). Theorem 5.1 is easy to prove because the hypotheses have been adjusted to
make it so; our only interest here lies in showing that (1.34) must hold when a solution of (1.10) evolvesin a
“reasonable” manner from a quiescent state to approach a time-harmonic form with the complex amplitude
@. A far more difficult question concerns the formulation of conditions on the shape of I'y and the forcing
terms in the problem under which this approach to a time-harmonic state is assured. Similar remarks are
pertinent to the next theorem.

It is very convenient to couch the statement and proof of Theorem 5.2 in terms of Hilbert-space-valued
functions on R; for the basic definitions and results concerning such maps, one can consult, e.g., Refs. 18
and 19. With a separable Hilbert space H, we associate the collection C(R; H) of all functions on R into
H that are strongly continuous, i.e., that are continuous when H is equipped with the topology induced
by its inner-product structure. For a positive integer m, by C™(R; H) we denote the family of all elements
U € C(R; H) possessing m strong derivatives U) = U, ..., U(™) that are also in C(R; H), “strong” here
signifying that the derivatives are defined with respect to the inner-product structure of H. For integration
of such functions over subsets of R, we use the Bochner theory (cf. Refs. 18 and 9), although the strong
Riemann integral (cf. Ref. 19) will suffice, in view of the continuity hypotheses that we pose in the upcoming
assertions (in the interest of simplicity). If we were to weaken these hypotheses to allow for the existence of
derivatives in a generalized sense, then use of the Bochner theory would be essential.
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Theorem 5.2. With setting and notation as set forth in §1 and §2, let the functions F, : R — HPC,

T, : R — Ly(T,), and ¥ : R — H3(T';) vanish in (—0,0). Let F, belong to C(R;H®) and T, be
contained in C(R; L(T,)). Suppose further that, for some w > 0,

Fo(t) = FI(t) + fre=i

for eacht € R, (5.6)
To(t) = TT(t) + toe~?
wherein f, € H® and t, € Ly(T,), while
Jim [IF2 (@O0 = Jim [IT50) = TL0) nenalioacey) = Jim (T2 Ol =0 6)

Let U : R — H? vanish in (—c0,0), belong to C?(R,; H®) when regarded as taking values in H®, and satisfy

0, U"(t) — AY ,U(t) =F,(t) foreacht€R, (5.8)
along with
T+{U@)] = Ty (t) + ¥y (s }
for each t € R. (5.9)
TR-[U(8)] = T_ ()

Suppose that U has the form
U@)=U"(t) +ue™™!,  teR, (5.10)

for some u € H® and U™ € C?(R; H?), the latter satisfying the conditions of transience

Jim [UTD@)||lgo =0  forj=0,1, and 2. (5.11)

Then, for every u, € N§_ w
/ to . —11‘,.,lr\o d/\r\o +/ fo . ﬁw d/\3 = 0, (512)
Iy 2,

and

. o0
/ u-q,d; = : / / T7(s) - Uu|p, dAp +/ F7(s) - @, d); p e ds. (5.13)
Q. 200w Jo . ce

Q,

The proof of Theorem 5.1 can be carried out in a straightforward manner with the use of an extension
of the classical Kirchhoff representation for certain solutions of the usual wave equation ((5.1) with v = 0;
cf., e.g., Ref.20) to cover the more general case of the damped-wave equation (5.1). This extension can be
established with the aid of a causal fundamental solution for the hyperbolic operator in question (cf., e.g.,
Ref. 21). Alternately, one can proceed as in the proof of the representation result that we provide in the form
of Lemma A.1 of the Appendix; it is convenient to introduce here some additional notation in preparation
for the use of that Lemma. When x € R3, let the corresponding distance-function rx on R3 be defined by

r(y) == |y — x| for y € R3.
Suppose that ¥ is a complex function defined on a cylinder F' x R, for some F' C R3. With ¥, ¢ > 0, and

any chosen x € R3 and t € R, we associate a function defined on F', denoted by [\Il](x’t) : F — C and termed
the (c-)retardation of ¥ with respect to (x,t), according to the rule

1
[\I,](x,t)(Y) =V (y,t - er(y)) for each y € F.
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Recall our convention of §1: for an appropriate complex function ¥ defined in Q4 xR, by ¥, + We mean the
function on I'y x R obtained by taking the spatial normal derivative at fixed values of the fourth argument.

That is, ¥,n (+,t) := ¥(-,t),n, on T’y for t € R.

Proof of Theorem 5.1: We shall first assume that R3\ Q. is of type R!, & € C*(Q4 xR), " € C(Q4 xR),
¢ € CY(Qy4), (5.4); holds for every y € Q, and (5.4), and (5.5) are valid for y € I'y instead of for the
points y specified there. Notice that then (5.3), as well as the corresponding equalities between the extended
first partial derivatives, must hold in all of Q, for each t € R. Under these conditions, we shall show that
¢ must be given in 24 by

1 ein+rx ein+rx
p(x) = {( ) Py — (r—>,n+60} dir,, forxeQy. (5.14)
x

4m Jr, rx

Then, returning to the original hypotheses, and setting, for € > 0,

Q) ={y € | dy(y) > €},

we shall have shown that (5.14) holds with Q4 replaced by (24 )c (and, of course, I';. repiaced by 8(Q24)), for
any sufficiently small positive €. From this, clearly it shall follow that ¢ has real-analytic real and imaginary
parts in all of 24, that (1.23) holds, and that therefore (1.34} is true, the latter obtaining because Imxy > 0
(as pointed out in §1). Thus, it suffices to prove (5.14) under the modified hypotheses listed; in particular,
it is to be understood for the remainder of the proof that (5.4) and (5.5) are taken to hold for each y € I'y.

With this agreement in force, we have the representation for ® available by appropriately specializing
in the statement of Lemma A.1l. Specifically, taking 45 = 0 and 7; = 7 there, we get

1 e-—'yrx/2c e—‘yrx/2c Y o .
o0 = 5 [ {(F) @mden = (S ) # s )

T r+
1 e—-’yrx/2c
+- (—‘——) "‘xm+[‘1),4](x,t)

c Tx

y [iTE (t-7)/2 2 1 9
+§E A e’ {gA, ((t—’r) —C—zrx) @0, (-7)
L2 e-r2-L2)e drp dA
+c—2(rx)m+g'y ( _T) _'c_frx (1) T ry
forx € Qy andt €R. (5.15)

Here, with I, denoting the modified Bessel function of the first kind and order v, the function g, : R\{0} — C
is defined to vanish for negative values of its argument and to be given by

i
gy(s) = M for s > 0; (5.16)

8§82

then g,[(0,00) € C*([0,00)). In particular, go = 0, so that the terms in (5.15) that contain g, vanish for
the ordinary wave equation, and this gives the classical Kirchhoff representation.

Now, let x be a point chosen in Q4 ; since p(x) = lim;_, o €*“*®(x,t), we examine the product e***®(x, )
for t € R. Employing (5.15) and observing that, by (5.3) and the additional regularity assumptions noted,
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[@li,ty(¥) =[], (¥) + <P(y)€""“’t6"“"”‘('y)/°_, [2,4]x,)(¥) =[]ty (¥) — dwep(y)e~ @ tetr=(¥)/e, and
[<I>,n+](x,,)(y) = [‘I’,Tn+](x’t)(y) + @, n, (¥)e Weiwr=()/e hold for y € Ty, we find

. iwt —yrx/2¢ —yrx/2¢
iwt - € e T _ e X (—vrxl2e T
e P(x, 1) i ), {( - ) [¢,n+](x,t) (( ,.x )m+ + 1 (e );n+) [® ](x,t)

1 e“'Y"xlzc
(=

c ) T'x;n+ [Q;r‘l](x,t)

x

t—dr

Y X (-t 1 T
+5- e~ (t=")/2 {g7 ((t —-7) - 6—21-;“’() B, (-, 7)

0
1 1
+Zf(r’2‘)’“+gl~r ((t —-7)? - c—zri) q’T(',T)} d‘r} dr,

1 e—arx/c e—arx/c 72 B
- - {( - )‘Pm+ - (( — ),n+ - g;—z-(e arx/C)rx,n+) ®

y [iTE ( 2_ 1
—a(t—T1 2
+%A e ) {g,y ((t —-7)° — Z‘Erx) Pmy

1 1
+5(r)me g ((t - - —c;ri) <p} dr} dir,

forteR, (5.17)

having set
a = afw,v) ::%—iw. (5.18)

In the second integral over I'} on the right in (5.17), a simplification has resulted from the combination

e—'yr,/2c iwrefc iw e—arx/c e—arx/c
—— |n e — Txong = - on Tj.
Tx c Tx Tx +

We write (5.17) in the form

fw

¢
. 1
wig(x, t) = ¢ T t) — —

e (x,1) yym 1(x, 1) 47r12(x,t),

Z,(x,t) denoting the first integral over Iy appearing on the right, Zo(x,?) denoting the second. We intend
to show that

tl_lglo Ti(x,t) =0 (5.19)

) ein+rx ein+rx
lim Zo(x,1) = /F+ {( — ) Prn, — (T),n+go} dir,, (5.20)

whence (5.14) shall follow, and the proof will be effectively complete, as outlined. The equalities (5.19) and
(5.20) are established by considering in turn the various terms appearing in Z;(x,t) and Zo(x, t), identifying
for each integrand its pointwise limit as ¢ — oo and an estimate valid for all sufficiently large ¢, in such a
way that the Dominated-Convergence Theorem of Lebesgue will be applicable to give the limiting value of
that term. Introducing the number

and

dt(x) == max ly — x|,

henceforth, unless otherwise specified, we suppose (at least) that ¢t > d*(x)/c, so that t — rx(y)/c is positive
forally e I'y.
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With this plan in mind, we examine first the integral

e—'yrx/2c
Zulot) = [ () [y g dhes
'y Tx !

Since [® ,,.+](x t)(y) ®Tn, (¥, t — r<(¥)/c) for every y € Ty, it is clear from (the modified form of) (5.4);
that the integrand here converges pointwise on I'} to zero as ¢ — oo. Moreover, it is just as clear that the
integrand is majorized in modulus by

1 1 M
im0, (vt ) 1< ks

for all ¢ > d*(x)/c, the inequality here following from (the modified form of) (5.5). Consequently, the
Dominated-Convergence Theorem allows the assertion that lim;—, Z11(x,t) = 0. The integrals correspond-
ing to the second and third terms in the integrand of Z;(x,t) can be shown also to have limit zero, in a
similar manner, by using the other (modified) hypotheses in (5.4) and (5.5). Now (5.19) has been verified if
v = 0, so we assume in the further reasoning concerning Z;(x,t) that Rey > 0.

Next, let

t—dr,
Tia(x,t) == / / e=(=72g ((t ~7)2— —1—1' ) ®n, (-, 7)drdAry,
'y Jo C

which can be wiitten

Tia(x, t)—/m/ —w/le(‘f(T = /e /2) &, (-t = T)ho (T—%r,) ho(t — 7)drdAr,, (5.21)

(2 2/}

wherein hg denotes the Heaviside function:

[0 ifs<0,
ho(s) "{1 if 5> 0.

Once again, with (5.4); it is evident that the integrand in (5.21) converges to zero as t — oo, pointwise on
I'; x (0,00). To derive an acceptable uniform estimate for the modulus of that integrand, we need some
information about the behavior of I; when its argument lies in the right half-plane and has large modulus. A
standard asymptotic result for I, (z) when the principal argument arg z is restricted by |argz| < (7/2) -6,
with § fixed in (0, 7/2) (cf., e.g., Eq.(5.11.10) of Ref.22), coupled with the fact that now Rey > 0, shows
that there exist positive numbers M, (¥) and s,{¥y) such that

32Re7/2
|7, (732/2)|__( v {1 M”f“’)} for s > s, (7). (5.22)

852

Thus, for y € Ty, 7 > 1/(dt(x)/c)?> + s1(7)?, and any t, the modulus of the integrand in (5.21) at (y, 7;t)
is bounded by

(= (re(y)/)) FRev/2 O (31t Yol — 7] < M
()3 (2 = (re(y)/0)2)E ™ v ° T (rh)E(? - (dH(x)/e)D)

Meanwhile, in the remaining (bounded) portion T'y x (0,/[d+(x)/c)Z + 51(7)2] of 'y x (0,00), and for,
say, t > 0, it is easy to see that the integrand in (5.21) is uniformly bounded in modulus, in view of
the boundedness of g, on bounded subsets of (0, 00) and of ®],, on I'y x (0,00). Consequently, there is a

e—TRe'y/Z
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nonnegative element of L; (T'y. x (0, 00)) dominating the modulus of the integrand in (5.21) for all sufficiently
large ¢, whence lim;_. o Z14(x,t) = 0.

Denoting by Z;5(x,t) the final term of Z;(x,t), an integration by parts produces
7 f—t"x 1
Iys(x,t) : = 2—63/1“ /0 (r2)m, e~ 70 2g ((t - 1) - ggri) ®7(-,7)drdAr,
+

Y —yref2¢ T + 2 e 2 1 o
=13 —2c(e™" /%) reny [87) )97 (0F) + () omy 727 (- 0)gy (t - —zrx>
r; ¢

(f(_z_(t:_T))/f_) . ((t o gz-ri) dr} dir,, (5.23)

with g, (0) := lim,_, o+ gy(s) = 7v/4. Obviously, the integral corresponding to the first term in the integrand
on the right in (5.23) can be treated by essentially the same reasoning applied to Z;;(x, -) and so vanishes
in the limit as ¢ — oco. For the second term in the integrand, with the aid of (5.22) we derive the estimates

e—t/2
(2 )= 7.0, (£ = 720 |
Y E e ki P e l}lwy,o)l
@i - (re(3)/)?) (2 = (r<(¥)/0)?)*
4dt(x)

- 5 max |®7(z, 0)|
(D ¥t (t2 = (d+(x)/c)?) * =T+

for all y € 'y and all sufficiently large ¢ > d*(x)/c, (5.24)

showing at once that the corresponding integral of this term over I'y has limit zero as £ — co. The same
assertion can be proven for the final (iterated-integral) term on the right in (5.23) by proceeding along the
lines of the analysis carried out for Z14(x, -); only straightforward modifications are required, so we omit the
details. The limit equality in (5.19) can now be regarded as established.

Turning to Zo(x, ), it is first of all obvious that (5.20) is true if ¥ = 0, since go = 0 and —a(w,0)/c =
iw/e = k4(w;e, 0). Thus, we suppose in the remainder of the proof that Rey > 0. At the outset, we perform
integrations by parts in the inner integral appearing in Z»(x,t), once for the term involving g, and twice for
the term containing ¢’,. In the former, we base the computation on the observation

_Gh(my,t)

=1 for 0 < 7 <t —rx(y)/c, withy € I'y and ¢ > d*(x)/c, (5.25)
-T

Y
Lo (=P~ r2(3)/ ) =
wherein, for such 7, y, and ¢,

G,(ry,t)=1Io (%((t ) gliri(Y))%> ;

in the term involving g¢’,, a first integration by parts results in the appearance of g, whereupon (5.25) is
used once again, to effect a second integration by parts. With K, denoting Macdonald’s function of order v
(cf. Ref. 22), sometimes also called the modified Bessel function of the third kind and order v (cf. Ref.23),

we use the equality
T

1
Ky(2) = (2—:4) Pe=*  forz#0and |argz| <, (5.26)
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to replace the appearance of the exponential function in favor of K 1) subsequently applying the well-known
formula asserting that the derivative of the function z — 2=% K, (z) is simply the function z — —2z7" K, +1(2).
In this manner, we find

¥ t— 'i""x (y)

1
z —a(l-T1) N2 2
A e Gy ((t 7) czrx(y)) dr

e—orx(¥)/e e~ ot Y o 1, 1
ST ta (5“ o) )

+ (;2;)1 O‘—: /Ot_%rxm E%ng_(—i;—;)lfo (% ((t — )%~ c%ri(y)) %) dr

and
t—Lre(y) (t=7) 9 1 5
—a(t-T
53 | e gy ((t —-7) = C—er(y)) dr
2 —arx(y)/c —at 1
__ T e T € 2 _ 1.2
T16c? r(y) tE T o (t c? TX(Y))

2

_._3{ 3 . c }e_arx(y)/c
26 | (are(y))®  (arx(y))’
et} (1 (- 30))

H(3) g [T B, (% (R %) i

each holding for all y € I'y and ¢t > d*(x)/c. Inserting these results into the expression for Zo(x,t) and
performing some rearrangements and simplifications (under which all terms involving the exponential e~*"=/¢
disappear), we come to

e~ ¥ 1 3
— 2 2
Io(x,t) = /P+ { ; Iy (5 <t — c_er> ) Prny

L (e L /)
3\t (#2 — r2/c?)%
1) et 1 3
+2 (a+ ?) etz Io (% (t2 - c_zrazc) )) (razc)m+$0} dAr,

i 3 t—ip _ 1
2\ 2 o2 e = K%(a(t T)) v 9 1 2 2
r) ¢ — g L {t-7) -7 dr dA

’ (ﬁ> ¢ /1"+/0 (t—7)% o\ 2 <( ™) c2r"> Py OT ALy

N |2

MO

1
1 2
((t —7r)?— c-z-ri) > (r)m,pdrdir,
fort > d*(x)/c.  (5.27)

There is no difficulty in showing that the first integral on the right in (5.27) approaches zero as t — co,
since we have available for each of the terms in the integrand an estimate of the sort appearing in (5.24)
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(used to analyze the second term in the integral over I'y on the right in (5.23)). One should note here that
Rea = Re(7/2), while both ¢|r, and ¢:n, are now in C(I'}), and so are bounded.

Finally, we must deal with the second and third integrals taken over 'y on the right in (5.27). To
evaluate the pointwise limits of the integrands, i.e., of the inner integrals, we first write

Pyt = (%Y 9_;/0"%'*(’) W% (% ((t —7)? - clzri(y)) %) dr
B (2)* i/ VETEOTE Ky (o +736)/¢%)*)

T (r2 + riy)/e?)?

Io (%7) rdr (5.28)

and
ot \/”?WKQ (72+r§(y)/c2)§
(g) _3 m+(y)/ Erg 4 ri(y)/c2)% ) I (%r) Tdr

(5.29)

fory € Ty and t > d*(x)/e.

Now, for the evaluation of the limits as t — oo of the integrals on the right in (5.28) and (5.29), we have
prepared Lemma A.2 of the Appendix. In the statement of that Lemma, we wish to take a = ry(y)/c (with
y chosen in T'}), 8 = iy/2 = —(Im7/2) + i(Rev/2), and z = a =(Rey/2) + i((Imv/2) — w); in particular,
we shall then have

Jo(B7) = Jg (z%‘r) =1 (%T) forr>0

(with Jo denoting, of course, the Bessel function of the first kind and order zero) and Rez = Imf =
Rev/2 > 0, and consequently must use equality (A.19) for the evaluation of the limits in question. With
these identifications,

2452 = —w(w + i) = lw(w + iy £ 0,

in which we have denoted the principal argument of w(w + iy) by Y. Since Rey > 0 (and w > 0), 9 lies in
(0, ), whence 9 — 7 lies in (—m,0), and we compute, recalling (1.19),

V22432 = V—w(w + i7) = lw(w + i7)]e?/2ei™/? = —i\/w(w + i7) = —ick4.

Provided that Reé > 1, (A.19) then gives

/oo K (a(r2 + rﬁ(Y)/Cg)%) Io (%T) rdr = 1 (@) o Ke_1(rx(y)V22 + B2/c)

(2 + ray)/et) # A\ /e
_ 1 —-iC2Ii+ &1 kLT
= () Kot (Cimndo). (5.30)

By first taking £ = 3/2 in (5.30) and recalling (5.26), it is easy to check that

eirrx()
rx(y)
44

tlim ooy, t;x) = for each y € I'y; (5.31)
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by setting £ = 5/2 in (5.30) and using (5.26) with the recursion relation for K¢ to compute

Ks(z) = (1 + %) Ky(z) = (%)l (;15 + zil) e,

one also finds

3
: —i 2 1 1 IRy T
Jm Toa(y, ;%) = rx(¥)Pxmy (¥) ( m+) { ( T+ T } eir+m<(¥)

rx(¥) —ikyr(¥))?  (—irgr(y))?

e!K.+Tx
=_ (——) my(¥) for each y € ' (5.32)

Tx

Now, to prove that the pointwise limits in (5.31) and (5.32) imply (5.20), we have only to produce appropriate
estimates for the integrands of the second and third integrals taken over I'y in (5.27). To this end, we cite

the bound .
2 ,—sRea M _
[Ke(as)] < (2|a|> £ I {1 + 58(01)} for s > 8¢ (), (5.33)

wherein Mg(a) and 8¢ (o) are certain positive numbers depending upon only the indicated parameters,
following from an asymptotic formula for K¢(z) that is valid when |argz| < 7 — §, with 6 fixed in (0, )
(cf. Eq.(5.11.9) of Ref.22). With this, we find that the integrands in question are uniformly bounded for
¥ € I'y and all sufficiently large ¢. For example, consider the second term on the right in (5. 27) ifyely
and t > t, > d*(x)/ec,

mere) Ky (a(t — 7)) 1 5
-y S (3 (-0 i) ) o
to Ks(ar) v 1 3
<ol { [ 2570 (3~ 52)

L (s (=) )|

By using (5.33) and recalling (5.22), the second integral on the right here is, for a fixed, sufficiently large t,,

dr

dr,

4 /  e-(Reayr ((Fer/D)(r2=r2)/?)? : / ) :
(

1 T—dr < T by
T QlayhE ST (12 — r2(y)/c?)* (2ar])? 72 — (d+(x)/c)?) *

and, for that ¢,, the first integral on the right is

< max
- 055310

/ |Ix1(ar)|
il dr,
Ldi(x) 73

inequalities providing uniform bounds as claimed. The third term on the right in (5.27) can be handled in a
similar manner, whence we conclude by (5.31), (5.32), and the Dominated-Convergence Theorem that (5.20)
is indeed correct. This completes the proof of Theorem 5.1. K

Proof of Theorem 5.2: Fix u, € N&%a,w; corresponding to this choice, set
U, (t) := u, e for each t € R,
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to get an element U, of C*(R; H?) with the properties AX U, (t) + gow?U,(t) = 0, T*[U,(t)] = 0, and

U, (t)|F+ -ny = 0 for each ¢t € R; obviously, any one of the derivatives of U, say, U/,, possesses the same
properties. Consequently, the equality

[ {09 85,0() - U() - A3, Ts(s)} drg

= [ AT, - T [U6)] - UG, - T[OUs)]} dir.,
holding for each s € R and resulting from two applications of (2.9), leads to

oo [ {U"(6) Tis) +07U(s) - TLs)} s
Qo

= jwe's {/ T,(s) - W, lp, dir, +/
T, )

in view of (5.8) and (5.9). We note here that the function ¥ need be considered no further. By using (5.6)
and (5.10), in particular, by computing U”'(s) from the latter equality as U™ (s) —w?ue~*? for each s € R,
a first application of (5.34) yields

F.(s) -a, d/\3} for each s € R, (5.34)

o

o / {U™(s) + w2U"(s)} - Ul(s) dAs
(9

= e { / T7(s) -Walp, dAr, + / F7(s) -, d,\s}
T, Q,

+iw {/ t, - Uolp, dAp, +/ f,(s) -4, d)\3} for each s € R..
T

o o

Directly from the latter equality, (5.12) results by employing the conditions of transience (5.7) and (5.11)
(for j = 0 and 2), the vanishing of u, |, -n4, and the Cauchy-Schwarz inequality.

For the proof of (5.13), we return to (5.34). By noting that
U" .U, +w?U.- T, = (U .T) +u2(U-T,)

holds by virtue of the relation Ul = —w?U, and again using (5.6), but now taking into account (5.12), we
are led this time from (5.34) to

go/ (U’ UL +w?U-T,) (5) dAg = iwe™* {/ T7(s) - Walp, d)\po-l-/ F7(s) - W, d/\3}
o T,

o QO
for each s € R.

Choose any ¢t > 0 and integrate this equality over (0,t); applications of the Cauchy-Schwarz inequality and
accounting for the continuity of the functions s — ||[UY)(s)||go serve to verify that Fubini’s Theorem can
be invoked to justify reversing the order of integration in the resultant left-hand side. By recalling that
U(0) = U’(0) = 0 and using (5.10) to replace the appearance of U and U’, we come to

2gow2/ u~ﬁwd/\3+go/ {U™(1) - UL(t) + w?U"(t) - Uu(t)} dAg
Qb Qo

t
= iw / eiw{ / T7(s) - alp, dAr, + / F7(s) T d,\s} ds,
0 I, Qo
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holding then for each ¢t > 0. Appealing to (5.11), this time for j = 0 and 1, we see that the second term on
the left here has the limit 0 as ¢ — oco. Thus, the limit of the integral on the right exists, and (5.13) results
upon letting ¢ — oco. N

Finally, supposing that the hypotheses of Theorem 5.2 remain in force, we remark that it is easy to
identify additional conditions on U under which u satisfies (1.24). For example, suppose that U™ (t) € H?
for each t € R and lim;_. ||U"(¢)||g2 = 0. Then u must lie in H? and (5.8) will give, with the limits being
taken in the norm of HO,

lim ¢ {~A%,U"(8) + 0. U™ (1)} — A% ,u — oow’u = lim e“'F(t) +1,,

t—00

whence (1.24) follows. Similarly, one can formulate reasonable conditions of this sort on the functions U, @,
To, Fo, ®*, and on the summands in their forms assumed in §1, under which (1.18), (1.25), and (1.26) are
consequences of (1.7), (1.13), and (1.14), respectively.
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Appendix

AUXILIARY RESULTS

We have collected here the formulations and fairly detailed proofs of two statements that are used in
the proof of Theorem 5.1.

The first result provides an integral representation for sufficiently regular and (for simplicity) initially
quiescent solutions of the so-called damped-wave equation (1.10) or (5.1) in the exterior of a cylinder in
space-time. The representation coincides with that resulting from the use of Green’s Theorem in conjunction
with a causal fundamental solution (in the distributional sense) for the hyperbolic operator involved (cf.,
e.g., Ref. A.1), and reduces to the classical Kirchhoff expression (cf., e.g., Ref. A.2) in the case of the ordinary
wave equation. A full and precise statement of the representation does not seem to be readily available, and
so we have chosen to outline here the main points in a derivation; the present proof does not employ the
theory of distributions but is more in the spirit of “elliptic” reasoning, essentially consisting in an extension
of the development of the Kirchhoff result as presented in Ref. A.2. Actually, we shall consider a more general
hyperbolic operator, since but little additional work is thereby required.

It is convenient to introduce some notation, to prepare for the statement and proof of the first Lemma.
When x € R3, let the corresponding distance-function r on R3 be defined by

re(y) := |y — x| for y € R3.

Suppose that ¥ is a complex function defined on a cylinder F x R, for some F C R3. With ¥, ¢ > 0, and
any chosen x € R3 and t € R, we associate a function defined on F, denoted by [\Il](x’t) : F — C and termed
the (c-)retardation of U with respect to (x,t), according to the rule

1
[‘I’](x,t)(Y) =V (Y;t - er(y)) for each y € F.

Recall our convention of §1: for an appropriate complex function ¥ defined in 24 x R, by ¥,;,  we mean the
function on I'y x R obtained by taking the spatial normal derivative at fixed values of the fourth argument.
That is, ¥, (-, 1) := ¥(-,t),,, on 'y for ¢ € R. We shall write Bai(x) :={y € R3 | |y — x| < a} for the
open ball in R3 of radius a > 0 and centered at x € R3. Finally, we use the standard notation I, for the
modified Bessel function of the first kind and order v; cf. the definition in Eq. (5.7.1) of Ref. A.3.

Lemma A.l. Let the open set Q. in R3 be connected and the complement of the closure of a bounded
connected Lipschitz domain; write Ty := 094, and let ny denote the unit-normal field that is defined at all
appropriate points of 'y and “directed into Q,..” Suppose that ¢ is a real positive number, while vy and 7,
are complex. Let ® € C*(Q x R) satisfy

1 .
20+ 064+ 00, 4+ -6,,=0, inQyxR, (A.1)
c ¢ c
and vanish in Q4 x (—o0,0):
®(,1)=0 in Qg fort < 0. (A.2)
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Then ® has the representation given by

1 e—’ylrx/ZC e—‘Yxfx/?C 13
P — — P _ S5 (.—mrx/2¢
®(x.1) =77 /p+ {( Tx ) [®on il ) (( T )"” gz (e )rx’"+) ey

i e"'Yl"x/Zc
(—) Txngy [(le](x,t)

c Tx

t—4

,\/E/ ex _ _ 1
+ 2c /0 e (=2 fe (i~T)2_Zi’°=2c Pny (5 7)

+a(Dm, S ((t -7)’ - %rz) @(-,T)} dr} diry,

forx € Q4 andt € R, (A.3)

wherein
¢ = 712 — 47, (A'4)
and /€' denotes a selected square root of ¢, corresponding to which the function f¢ : R\ {0} — C is defined

by
0 ifz <0
fe(z) = {Il(\/ﬁ_’w%/2)/x% ifz >0 (A5)

(so that fy is the zero-function).

Proof: A preliminary transformation serves to simplify the form of the underlying partial differential equation:
specifically, setting
U(y,s) := B(y, s)e""/2 forye Qy and se R, (A.6)

we get a function ¥ € C2(§+ x R), vanishing in Q4 X (—o0, 0) and satisfying, with £ defined as in (A.4),
£ 1 .
AV — E‘I’ + 2‘2“11,44 =0, in 24 x R, (A7)

as one can readily check. In the remainder of the proof, let x be fixed in £2; until further notice, let ¢ be fixed
and positive. Then [¥], ,, and [¥ ] ,) are defined in 2 and lie in C(Qy), while the supports of (%] .09
and [\11,4](,‘,0 are compact in Q4, in fact, are contained in the closure of the set 4 N B, (x), since [\Il](x’t)(y)
and [¥,4] +(y) vanish when ¢ — (1/¢)r«(y) < 0. Further, from the chain-rule computations yielding

[\D](x,t)’J(y) = [\Il’]](xyt)(y) - %rx;j (y)[\yﬂl](x,t)(y) for yc€ Q+ \ {X}, .7 = 1a2) 3:

and the further expressions giving [W](x 1),k and [W4)ec 4y, in €4\ {x} for j,k = 1,2,3, it is apparent that
[¥](x,t) and [¥.4](x,+) may fail to have partial derivatives at x, but their restrictions to Q4 \ {x} do lie in
C2(Q4 \ {x}) and C*(Q4 \ {x)}), respectively, with their first partial derivatives remaining bounded in that
set. A bit of computation, along with an appeal to the obvious fact that the retardation with respect to
(x,1) of the function appearing on the left in (A.7) vanishes throughout €, will verify that the Laplacian
of [¥] () satisfies (cf. Ref. A.2, for the case { = 0)

1 .
Wloeis = =] e W s~ (7) =¥ 0 2\ (b (A.8)

r

L
Tx
For the moment, let f denote a complex function defined in R\ {0}, with f(s) = 0 for s < 0 and

the restriction f](0,00) € C2([0,00)); we shall presently choose f judiciously. With f, x, ¢, and any ¥ €
C(Q4 x R), we associate the function {f * W} 1) : Q4 — C according to

. t_}l;'rx(Y) 5 1 9 -
{f *x ¥} ny(y) := /0 f <(t —7)% - c_zrx(Y)) U(y,r)dr fory € Q4.

50



NRL REPORT 9172

The argument of f appearing here is

(=77 - 20 = { (1= 1) = { (14 1)) -7},

which is positive when 0 < 7 < t — rx(y)/c and negative when t — rx(y)/c < 7 < 0. In particular, {f*¥}x.s)
vanishes outside the set Q4 N Be:(x), since f(s) = 0 for s < 0; actually, the values of f for negative values of
its argument will be irrelevant for us, since we shall be interested exclusively in the cases when ¥ is either ¥
or ¥,;, each of which vanishes in Q4 x (—o0,0). The regularity properties of {f*‘i’}(x,t) can be discerned a
bit more easily by making a change of variable: setting, for definiteness, f(0) := f(0%) := lim,_, o+ f(s), we

can write

{f * Ty (¥)

= (t - %'rx(y)) /01f((t - %'r’x(y)) (1-5) ((t + %rx(y)) - (t — %rx(y)) s)) \il(y, (t — %rx(y)) s) ds

whenever y € Q. (by first supposing that ¢t — rx(y)/c # 0, and then noting that the result is true also when
t — rx(y)/c = 0). From the latter form, it is a simple matter to check that {f *\i‘}(x,,) is in C(Qy4), and,
moreover, that the functions {fxW}(x,:) and {f*(¥,;)}x,:) of particular interest are at least in C? Q4 \{x})
and C*(Q4 \ {x}), respectively, with their first partial derivatives bounded in Q; \ {x}. The only difficulty
at all lies in examining the behavior of these functions near x and I'y and on the set Q4 N9B.:(x). Consider,
for example, {f* ¥ }(x ¢): from the second form, it is easily seen that the first partial derivatives of { f*W}(x 1)
exist and equal zero at any y € Q4 with ¢t — rx(y)/¢ = 0, owing to the regularity hypothesized for f and
¥ and the vanishing of ¥ in Q4 X (—00,0). At a point y € Q4, y # %, and contained in the ball B (x),
the usual formula for differentiation of a parameter-dependent integral can be applied to compute the first
partial derivatives of {f * ¥} ;). Upon doing so, an inspection shows that the resultant expression vanishes
outside B.;(x), and so is valid in all of Q, \ {x}; that is, we have

U W (3) = =20 s () 0)

+/O:-5r,(y) {f ((t . clzri(y)) Oy, 7)

-6 (=77 - i) W) f dr

for y € Q4 \ {x}. (A.9)

Directly from (A.9), it is obvious that the first partial derivatives of {f* ¥} ) can be extended continuously
to all points of 'y and are bounded in Q4 \ {x}. The second partial derivatives of {f * ¥}(x ) can be shown
to be in C(Q4 \ {x}) (but not necessarily bounded there) in a similar manner, starting from (A.9). The
study of the first derivatives of {f x (¥,;)}(x,1) is entirely analogous.

Now, by using (A.7) and the vanishing of ¥ in Q4 x (—o0,0), an elementary, albeit rather tedious,
computation reveals that the Laplacian of {f x ¥}(x ;) in 24 \ {x} satisfies
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{f * ¥ 00, 55(3) = 2{f * (%)} .00, (¥)

2 1
= —;f(0+);m[‘1’](x,t)(Y)

A (@A) (=77 - Zn)
#27' (=77 = o) - 5 (-7 = o) vt m

for y € Q4 \ {x}. (A.10)

Evidently, we should select f|(0,0) in such a way that this restriction lies in C’z([O, oo)) and the bracketed
factor in the integrand on the right in (A.10) vanishes for 0 < 7 < t — rx(y)/c, for each y € Q4 N Be(x);
since (t — 7)% — rZ(y)/c? is positive for all such 7 and y, we demand that

£/4

sf"(s)+2f’(s)——:1—f(s)=0 for all s > 0.

It follows that we must take f[(0,c0) to be given by a multiple of fe, wherein

L ( gfs%/2)

S22

fe(s) == for s > 0, (A.11)
with /€’ indicating a fixed choice of square root of € (in which case we shall even have f|(0,00) €
c*=([o, oo))) For a reason that will become apparent shortly, we choose the multiple so that F(OT) = £/8¢;
since we find f¢(0*) = \/£’/4 from (A.11), this requires that we take

5/
2¢

f(s) == fe(s) for s > 0.

Now, with f so specified, (A.10) gives

£ 1 .
5 Wy = 2 5 0D = (7 ) W im0\ ()
combining this with (A.8), we come to

1 2(1 .
—[Wlx,yii = * ¥hx0)55 = —;{T—Tx,j [\1,74](x,t)}’j —2{f*x ()} xyi,  inQp\{x}. (A.12)

x

Now let the positive number R be greater than ct and so large that the ball Bg(x) contains R3\ Q. ; for
all sufficiently small positive ¢, denote by Qf" the bounded open set {Q1 N Br(x)} \ B.(x), with boundary
8Qf'€ = TI'y UOBR(x)UJB(x). For any such ¢, according to the preparation laid down in the discussions of
the regularity properties of [\Il](x,t), [\11,4](,(,0, {F %Y} (x,1y, and {f*(¥,;)}(x,1), we can apply Green’s Theorem
to each of the terms in the integral of the left-hand side of (A.12) over Qf’e (recognizing that the Laplacians of
both the function 1/7x and the function having everywhere the value 1 vanish in Qf’e), while simultaneously
using the Divergence Theorem to transform each of the terms in the integral of the right-hand side over the
same open set. By proceeding in this manner and using the support properties of the integrands along with
the condition £ — R/c < 0 to conclude that all resultant integrals taken over the portion  Br(x) of 6Qf’€
must vanish, we get (with ny;, j = 1,2, 3, denoting the Cartesian components of n..)

52



NRL REPORT 9172

1 1
—/r {<T—) Weeymr = (r_)’“*‘[w](x,t) - {f*‘I’}(x,t):M} dAr,
+ x x

1 1
- ./aB,(x) Tx»j { (;) [(¥)ix,0y5 — (;,:) i [ ¥ ety — {f*‘I’}(x,t),j} dAsB,(x)

1
. { (r—> (W), e85 — {F * ‘I’}(x,i)’jj} dAs

2 /(1
. {—z (Erxaj[‘l,vi](x,t)) - 2{f*(‘l’,j)}(x,t)},j dX;

i
S

1
A‘ { (;’) Txsny [‘1174]():’0 + {f * (‘I’>j)}(x,t)n+j} dAl"+
+ x

1
+2 /8135(::) {(;r;) [\1’,4](x,t) + {f*(\I’,j)}(x,t)rx,j} dAaB,(x)s

so, noting that

1
[\I’)n-}-](x’t) = [‘Il](x,i)m+ + 'Erxa“+[‘lli4](x,t)‘f‘+) on Ly,

we have

1 1
,/;Be(x) {(Z) [q’](x’t))jr)hj + (‘7'—,2‘:) [\I,](x,t) - {f*q’}(x,t)ver)j

2
+ <—‘cr > [Wa](x,) + Q{f*(‘I’,j)}(x,t)rx,j} dsB.(x)
x

1 1 1
= — /1;+ {(;’;) [\I,;n+](x,t) - (;;) )n+[\1l](x,t) + (E;‘:) Tx,n‘*,[‘l’,‘;](x’t)
+ Q{f*(‘ll’j)}(x,t)n+j — {f*\I’}(x,t),n+} d/\F+- (A'13)

The expression on the left in (A.13) is consequently independent of the sufficiently small positive €; its limit
for € — 0% is easily proven to be 47¥(x,t), by noting that the first partial derivatives of ry, [¥](x,¢y> and
{f * ¥}(x,1) are bounded in Q4 \ {x}, appealing to the continuity of [¥]., 4, [¥,4)(x 1), and {F*(¥)}(x,1) In
4, and observing that [¥], (x) = W(x,t). Thus, by inserting the definition of {f * (¥;)}x,:) and using
(A.9), from (A.13) we derive the equality

1 1 1 £
o0 =55 [ { ()19 dco- () = gamoms) e
1
+ (Z) Txan+[‘1’)4](x,t)
I} t—dry 1

+;13(r§),n+fg ((t —7)? - cl?ri) (-, T)} dr} dir,. (A.14)

Upon using (A.6) to replace each appearance of ¥ in (A.14) by the appropriate expression involving @, it is
a simple matter to verify that (A.3) results after some rearrangement. Finally, we have assumed here that
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t > 0, but it is obvious that (A.3) holds for ¢ < 0, as well, since the expression on the right in that equality
vanishes for any such ¢. 0

Next, we turn to the explicit evaluation of an integral of Sonine-Gegenbauer type, for which it is first
necessary to interject some remarks about complex algebra. With Log (-) denoting the principal branch of
the logarithm-function, given as usual by

Log¢ :=In|{| +iarg( for ¢ #0,

wherein Inz is the natural logarithm of the positive number z and arg( € (—=, 7] indicates the principal
argument of the complex number ¢ # 0, throughout ¢ +— (% signifies the principal branch of the general
power function:

(% ;= exp(aLog() = exp(aln|{]| + ix arg() for(€C,{#0,and a € C.
When o = 1/2, we may write 1/C in place of (*. Then we have the following rules of calculation:
(g2 =¢mte and  (T*=1/¢7
but, if & # 0,
(€162)* =¢7¢7 and ((1/C)* =(7 /¢ M —w<arg( +arg(y <m;

moreover, in general we have only
(Ca)ﬁ — Caﬂe%rin((,a)ﬂ’

in which n(¢, &) denotes the unique integer such that
arg (e”m("LOg()) =Im(aLog() + 2n({, a)7.
Consequently, if 8 # 0, then
(C*)P = ¢~ iff —7<Imealo|(|+ Recarg( <.

For example, the equality (¢*)? = ¢*# holds if both ¢ and « are real or if only « is real and ~1 < a < 1.
Later, we shall employ these facts without explicit mention.

Now, with K¢ denoting Macdonald’s function of order £, J, the Bessel function of the first kind and
order v, and z, a, and B complex numbers, let us formally set

oSl vd 2 2
I(z|a,B;é,v) ::/0 f‘(f—(z\/—_—_—— ij(ﬂx)x”“dz. (A.15)

The standard works provide an explicit evaluation of Z(z | a, 3; €, v) for z and § real and positive, a complex
with its principal argument arg a restricted by |arga| < 7/2, and £ and v complex, with Rev > —1; under
these conditions,

¢ a

" E—v-1
I(z|a,B;€év)= f— (——————W) Ke_y_1(av/22 + 3?), (A.16)

as shown, e.g., by Watson [A.4, p. 416, Eq. 13.47(2)]. However, our interest necessarily lies in evaluating
Z(z|a, B;€,v) for certain nonreal values of z and 3, although only for a real and positive. Watson (loc. cit.)
notes merely that (A.16) is valid for complex z and B “with certain limitations,” while Erdélyi et al. [A.5,
p. 94, Eq. 7.14.2(46)] provide the formula with no indication of the restrictions on z and §. Evidently, the
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evaluation has not been carried out for values of the parameters pertinent to our setting, and so we extend
the reasoning of Refs. A.3 or A.4 to develop the required result in

Lemma A.2. Let £ and v be complex, with Rev > —1. Let a be real and nonzero, and suppose that 8 is a
nonzero complex number with arg § # =. Introduce the half-plane C; C C by

C} :={2€C|Rez>|Imf|}.

(¢) The integral appearing on the right in (A.15) exists for each z € C;; the resultant functionZ( - | a, §;€,v)
is analytic In C; and is given by

" é—v—1
I(z)a,B;€,v)= f_E (——-—‘M) K¢ y_1(lal\/22+62)  for Rez > [Imp. (A.1T)

lal

(it) Suppose it also true that Re(§ — v — 1) > 0. Then the integral on the right in (A.15) exists for each
nonzero z lying on the boundary of C;, i.e., for 2 # 0 and Rez = [Im | (which is all of the boundary
of C; unless Im 8 = 0); moreover, in this case, the resultant values provide a continuous extension of
the function I(-|a,3;&,v) to such boundary points, so that

——— dz = lim — [ Y
o (Vz?24a?)t T

(—= (¢ la
cec}

N . E~v—1
Be(zve? 4% ;  gpyprtt ( Vi ﬂz) Ke—y-1(lalv/¢* + 82)

for Rez = [Impf| and z # 0. (A.18)

Explicitly, (A.18) appears as

" E—v—1
g (——V“’) Keeri(lalV/ B2 if 22 402 0

T Ke(evet 4 o # N\ al
/ thx)zuﬂ dr —
0 (V22 + a2)t s
pr2tTr- .
zfam:-zu—zr(f —v-1) if224+62=0

for ImnfB # 0 and Rez = |[Im g, (A.19)

and

¢ f—v—1
v /22 _ b2 .
(z‘ﬂb)f ( ﬂ|a| ) Ke—y-1(lal/B% - b2) if]b| < B

. §—v—-1

/ REHGER LD PR A (5,)5 (iz ' f’:,_ ﬂz) Ke_y1(ila| /B2 — 52)
o  (VeZia2)t

if [b] > B and 520

2E—V—2 '
| @gE—ram2 v ifb=+p
for B real and positive, and z = ib with b real and nonzero. (A.20)
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Before giving the proof, we remark that we need only the result given in (A.19), for Im 8 # 0, in the
proof of Theorem 5.1. The form of (A.18) for the case in which f is real and positive and z = b, with b
real and nonzero, appearing here as (A.20), has been presented only for the sake of completeness. If desired,
(A.20) can be recast into a form involving the Hankel functions of the first and second kinds rather than the
Macdonald functions, by using the familiar relations between these functions given in Ref. A.3, Egs. (5.7.5)
and (5.7.6); in this manner, one can derive, e.g., the formula to be found in Ref. A.5, p. 94, Eq. 7.14.2(48).

Proof: We begin by studying the z-dependence of the convergence properties of the integral appearing in
(A.15), with the remaining parameters fixed and restricted as in the hypotheses. Throughout, it is to be
understood that x takes only real values, while ¢1, eq, efc., indicate positive numbers that may change
from estimate to estimate, and may depend upon the secondary parameters in a given setting, but shall be
constant with respect to the primary variable(s); we may indicate the explicit dependence of one or more of
these numbers upon certain of the secondary parameters.

First, the restriction Rev > —1 ensures that the integrand in (A.15) is sufficiently well-behaved in the
neighborhood of the lower limit. For, given any positive M, from the expansion of J,(() in ascending powers
of ( we have an irequality

|7, (O] < ea(M)¢IRe”  for 0 < [¢] < |BIM and |arg(| < ,
so that, if also 0 < §; < 62, there exists a ca(M, 61, 62) such that

Ke(2v/2% + a2)
(V22 + a®)t

Jy (IBZL‘)CIJV+1 S C9 (M, 61, 62)$2Rey+1

for0<z<M,0<é <|z| <62, and |argz| < w, (A.21)
since it is easy to check that K¢ is bounded in any slit annulus {z € C |0 < 63 < |z| < 84, |arg(| < 7 }.

Turning to the examination of the integrand in (A.15) for large values of z, we recall the asymptotic

Ke(¢) = \/_—ge_c {1+0<|C|)} as [¢] — oo with |arg{| < 7 — & (A.22)
(Ref. A3, Eq.(5.11.9)) and

J,,(C):\/g{cos (C_(2_1/-j1-_1)_7£>+ IImC'O(Kl)} as [C| — oo with |arg(| <7 —8  (A.23)

(following from Ref. A.3, Eq.(5.11.6)), wherein & is fixed in (0, 7), from which it is clear that, given any
positive §;, there can be found corresponding positive numbers ¢1, ¢z, and M’(8;) such that
e~ (Rez)Vz?4a®

|Ke(zV 22 + a?)| < cl——+——2)— for > M'(6,) and 0 < &; < |z| with |argz| <7 —8 (A.24)

formulas

and
elm Blz

|J,(Bz)| < ca for z > M'(61), (A.25)

xz
the latter inequality following since cos ¢ and sin ¢ are always majorized in modulus by el™m ¢l Consequently,
for z and z as in (A.24),

I&g Z\/m—) (ﬂx):c"+1 <e e~ (Rez)Va2+a® oJImpls pRev+l
(m =" (x2+a2)% z3 (x2+a2)%§

~Re(€— u)e —Re z2(Vz 2+a2——$) —-(Rez—llmm)x

< c3T
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which gives an estimate companion to (A.21),

Ke(zvz? + a?)
Vg

J,,(,Bz)z”+1 < c3(61)“,—Re (§~v) g~ (Re z~|Im B}z

forz > M'(6,) and 0 < 6 < |z] with Rez > 0.  (A.26)

Now suppose that z € C;, i.e., that Rez > |Im J[: then, recalling that Rev > —1, so 2Rev + 1 > —1,
inequalities (A.21) and (A.26) show first that the integrand appearing in (A.15) is in L;(0, c0), whence
Z(z|a,B;&,v) is defined. Selecting any z, € Cg’ and applying (A.21) and (A.26) a second time, it is clear
that the modulus of the integrand in (A.15) is majorized by a nonnegative function in L;(0, c0), uniformly
for all z lying in a closed disc contained in C; and centered at zg; since the function z — K¢(2vz? + a?)
is continuous (even analytic) in C; for fixed z, Lebesgue’s Dominated-Convergence Theorem implies that
Z(-la,B;€,v) is continuous at zp, and so also in all of Cg’. Moreover, the same estimates imply that,
whenever C is a closed rectifiable path lying in C}, so that |z| and Rez — |Imf]| are uniformly bounded
below by a positive number for all z on C, Fubini’s Theorem can be applied to reverse the order of integration
in [.Z(z|a,B;€ v)dz, whence Cauchy’s Theorem shows that the integral vanishes, and so Z(-|a, 8;¢,v) is
analytic in C;’, by Morera’s Theorem. This proves the first two assertions of (7).

In this paragraph, let Re(§ — v) > 1 hold (as well as Rev > —1), and suppose that Rez = |Im§g|.
Returning to (A.21) and (A.26), it is evident that the integrand in (A.15) is in this case still in L, (0, co)
when Im 8 # 0 (so that z # 0), but when Im 8 = 0 we must stipulate that z # 0 to obtain the same inclusion.
Thus, Z(-|a, B;€,v) is now defined by (A.15) at all nonzero boundary points of C;. Let us show at this

point that Z(-|a, 3;€,v) is continuous in nC—pT\ {0}, in particular, that the same strategy employed to prove
the continuity in C; also serves to verify that

oo 7 2 2
Ke(2vz? +a?) “z"'a)Jv(ﬂx)qu de = lim /
o (Vz?+a?)f Lo 0

¢ect\{o}

® Ke(CVz? + a?)

“Waerraye e e

for Rez = |[ImpB| and z # 0 when Re(§ —v—1) > 0. (A.27)

For this, let the nonzero z be fixed, with Rez = |Im f3|: obviously, as { approaches z while remaining in
E?\ {0}, the integrand on the right in (A.27) approaches that appearing on the left, for each positive .
Further, we again appeal to (A.21) and (A.26), this time to conclude that there exists a nonnegative element
of L1(0, co) that majorizes the modulus of the integrand on the right in (A.27), uniformly for all { lying in the
intersection of C; with a closed disc centered at z and of radius sufficiently small to exclude the origin. Thus,
the Dominated-Convergence Theorem can be applied again, establishing (A.27). Now the second sentence of
(1) has been proven except for the equality in (A.18), which shall follow immediately once (A.17) has been
shown to be correct.

Returning to the general case, as a preliminary to proving (A.17) (as well as (A.19) and (A.20)), let us
review the properties of the function defined by the expression appearing on the right in that equality. Let
Dg be the subset of C defined by

Ds :={z € C|arg(z* + %) =7} U {iB,—if} = {2 € C | Re(z* + f*) <0 and Im(s* + §%) = 0 };

then Dg is closed, and z + /22 + 8?2 is analytic in C\ Dg (recall that /(-) denotes the principal branch
of the square-root function, analytic in the plane cut by removal of the nonpositive points on the real axis).
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Now, the set D is found as the collection of all z = z + iy (z, y € R) lying in the closed set described by
the inequality

22 —y* < (Im ) — (Re B)?
and on the hyperbola determined by the condition

y=—RefBImp

(which degenerates to coincide with the real and imaginary axes when Re #Im 3 = 0). Thus, when Im 8 = 0,
so that 3 is real and positive, D lies on the imaginary axis (just the boundary of C;’ in that case), comprising
those points b with [b] > 3; if Im 8 # 0, Dy is contained within the closed strip {z | |[Rez] < |Img]|} and
meets the boundary of that strip only at the two points +i3, while touching the boundary of C+ at a single
point (vtz., —if if Im 3 > 0, ¢4 if Im 3 < 0). In either case, we find that C+ C C\Dg. Consequently, the
restriction to C+ of the function z + /2% + 82 is analytic throughout C+, and it is easy to see that the
restriction can be extended by continuity to all of CJ; in fact, if Img # 0, the values of the continuous

extension are again given simply by /(-)? + 82, while for Im 8 = 0 these values are found to be, recalling
that then 7 is assumed positive, and writing z = b, with b real,

VB2 —b? if [b| < B
WBE—p2  ifb>p (A.28)
—i /B2 B2 ifb< —B.

Next, since K¢_,_1 is analytic in the open set obtained by deleting from C the nonpositive portion of the

real axis, while /22 + 2 # 0 and |arg /22 + §%| < /2 for z € C \ Dg, by setting

E—v-—1
K(z)=K(z|a,B;¢,v):= (—M> Keop-1(la|v/22 + B2) for z € C\ Dy,

|a

we obtain a function analytic in C \ Dg. Moreover, from what has been said, the restriction K := IC|C+
1s analytic in C+ and can be extended contmuously to all points of the boundary of C+ with the p0551ble
exception of those z on the boundary at which 22 + 82 = 0 (there being one such pomt if Imf # 0, two
if Im 8 = 0). The value of the continuous extension of K4 at a point z on the boundary with 2% 4 82 £ 0
is just K(z) when Im 3 # 0, and in the contrary case when Imf = 0 can be easily written down by use of
the values supplied in (A.28) for the continuous extension of the restriction of ¢ — /(% + 32 to Cg'. Now,
if Re x > 0 it is easy to check, by using the definition and series expansions for K, (cf., e.g., Ref. A3, §5.7)
that
lim (XK, (¢) = 27'T(0),

|arg¢l<m
and so o
Z_liinm K(z|a,B;¢v)= WI‘(& -v—=1) when Re(§ —v—1)>0 (A.29)

ZGC\Dﬂ

(of course, with T' denoting the Gamma function). Thus, when Re (§ — v — 1) > 0 we conclude that K, can
be extended by continuity to all of 6?, the value of the extension at the point (if Imf # 0) or points (if
Im B = 0) 2 of the boundary at which z? + 3% vanishes being found from (A.29). Finally, the modifications in
these statements necessary to describe the properties of the function z — (8" /26)K+(z|a,8;€,v), z € ct,
are obvious; in particular, the origin must be excluded from the boundary points of extended-continuity of
the latter function if ImfB = 0 and Re& > 0. In fact, when Re(¢§ — v — 1) > 0, we do have Re§ > 0 (since
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Rev > —1), and we find that the values of the continuous extension of this function to the nonzero points
of the boundary of C+ are given by the expressions appearing on the right-hand sides of (A.19) and (A.20),
in the respective ca.ses ImB#0and ImgB =0.

According to what has been shown, to establish (A.17) it is sufficient to derive the equality for, say, z
real and greater than |Im f|; actually, we shall suppose that z lies in the larger set C;‘* - C; specified by

Ctt :={¢|Re(¢?) > (ImpB)? and Re¢ > 0}
and prove that Z(z|a, §;¢,v) is then given by (8 /2¢)K(z|a, 8;€, v). For this, we require the evaluation of

two auxiliary integrals. First, from Ref. A.6, p. 146, Eq.(29), we have

/0 S (VI C I S (CZ ) K:(¢17°¢;*)  forRe¢i>0,Re(;>0,and £ € C.  (A.30)
Also, in Ref. A 4, p.3%4, Eq. 13.3(4), we find

oo
/ J,,(Cl‘r)e"(”'z‘r"‘"1 dr = (2C ) ‘C!/(“’) for {1 # 0, Re(z > 0, and Rev > —1. (A.31)
0 2

Select and fix any z € C;’*‘. Then we can apply (A.30) with ¢; = 1, 3 = 2%(z? + a?) (for = € R), and
£ = —£ to get (by recalling that K_¢ = K¢ and noting that v22 = z, (22(2? + a2))1/2 = zvz? + a2, and
(22(2% + a?)/4) ¢ 26/ (24 (V'z% + a?)f) hold because Re z > 0)

Kg(z* /22 +a2) = _z (\/.1:2 + aZ)f / —_ (,2(32.,.42)/(41-)) 71 dr,
0

25+1

and so

o0 00 2
Helefiton) = 2e+1/ {/o (e )/(4T))T_E_1dT}Ju(,B:C):v"+1d:c

2¢ g e e +1 (zzazl(‘l‘r)) —£-1
= %T/ {/ 2*s%/(a7) g, (Bz)z” d:c} r=¢=1dr, (A.32)
0 0

in which we have used Fubini’s Theorem to reverse the order of integration, a step that we shall justify

presently. We apply (A.31) for the evaluation of the inner integral in (A.32) for each positive T (a computation
. 2 2

that is permissible because here Re (22) > 0 and Re v > —1) and obtain (2¢+18¥ /22 +2)rv+1¢=F"7/2" whence

I(z|a,B;€,v) =2 —¢pv -2 /°° e~ (G74+87)/2%)7- (zzaz/(47)) =& dr. (A.33)
0

Now we observe that the inclusion z € C}* ensures not only that z and 22 have positive real parts but also
that the same is true of z2+3? and (22+3%)/2? (and so each number has principal argument in (—7/2, 7/2)).
Indeed, we find

Re(z? + §%) = Re(2?) — (ImB)? + (Re B)2 > 0,

and
Re (iz’%g = rlr {{Re(2%) + (Re 8)’}H{Re (z*) — (Im B)’} + {Im (s?) + Re Im F}*} > 0

(note that the second of these inequalities provides an independent check on the existence of the integral in
(A.33)). This shows, firstly, that to evaluate the integral on the right-hand side of (A.33) it is permissible to
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apply (A.30) a second time by taking ¢; = (22 + 82)/22, ¢z = 2z2a?, and € = v — £ + 1, and, secondly, that
the following computations are correct: C11/2 =22+ %)z, C21/2 = |a|z, and

(Cz )(u—£+1)/2:<a2z2 22 )(u—g+1)/2— gé-v=1 (m>f—u—1

4¢ 4 224 p2 = =22 Ja]

In this manner, the equality in (A.17) clearly results from (A.33) and (A.30), and so the proof of (A.17)
is complete, modulo the demonstration that the second equality in (A.32) is correct. Taking up this latter
guestion, we first write

Iva

drdz

= [ [ e tenenietnn) et o} e
0

0

— oRe¢+1 /°° Kree(v/Re(22)(22 + a2))
0 ( Re (22)(z? + az))Ref

having once more applied (A.30) to obtain the second equality here. To show that the nonnegative integrand
appearing in the final integral in (A.34) is in L;(0, o0), we return to (A.21) and (A.26), replacing there £ by
Re¢ and z by \/Re(2?), to conclude that for any positive M there can be found cy(M) such that
Kre¢(VRe(22)(2? + a?) )
(VR () +a%))"™

and that there exists a sufficiently large positive M’ for which we have an estimate of the form

o= (2E+an)/(40) =e=17 (gg)qr+1

|7,(Bz) |27+ da, (A.3)

|7, (Bz)|zBer ! < eo( M) RevH? for0<z < M, (A.35)

KRe N2 2 -
Q(T/E({}:;((zz)(x z;L)aRe)g) 17, (B2)[a™" 1 < copReE)=(VREG-ImA)e  gor o> aa. (A36)
Re(22)(z?2 4+ a

Since z € CZ;’L, we have \/Re(z?) — [Imp| > 0, whence it follows from (A.35) and (A.36) that the final
integral in (A.34) is finite, and this justifies the application of Fubini’s Theorem upon which the second
equality in (A.32) is based. This completes the proof of (A.17), and so also of (7).

Considering once more the case in which Re(¢ — v — 1) > 0, since the limiting relation (A.18) is
an immediate consequence of (A.17) and (A.27), now the explicit forms (A.19) and (A.20) of (A.18) in
the respective cases Imf # 0 and Im B = 0 follow from our discussion of the properties of the function
z = (8/25)K+(2|a,B;€,v), z € Cg‘, in which we supplied the details necessary for checking that the
expressions on the right in (A.19) and (A.20) give the values of the continuous extension of this function to
the nonzero points of the boundary of Cg’. | |
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